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Foreword

This volume contains the pre-proceedings of the MFCS’98 Workshop on Concurrency,
which took place in Brno, Czech Republic, 27-29 August 1998, as a satellite event of
MFCS’98, the 23rd international symposium on Mathematical Foundations of Computer
Science.

The revised (and full) versions of the contributions should appear as a volume of Electronic
Notes of Theoretical Computer Science; cf. URL http://www.elsevier.nl/locate/entcs.
The idea of the Workshop was initiated by Jozef Gruska, one of the co-chairs of MFCS’98.
The Workshop became one of several satellite events of MFCS’98; its aim was to provide
a special forum for researchers in the area of concurrency participating in MFCS’98 but
also to attract further interested researchers.

The call of papers suggested the topics like decidability and complexity of testing be-
havioural equivalences, model checking and other verification problems for various models
of (concurrent) systems, models for concurrency, practical tools for modelling and verifica-
tion of concurrent systems, verification of infinite-state processes, but it did not limit the
submissions to these topics.

According to evaluations of the programme committee members, assisted by further refer-
ees, 17 submissions (out of 24) have been selected for presentation at the Workshop.
Their (preliminary) written versions are contained in this volume, accompanied by the
texts sent to us by the two invited speakers at the Workshop, Javier Esparza (Munich)
and Faron Moller (Uppsala).

We would like to thank very much to Ahmed Bouajjani (Grenoble), Julian Bradfield (Edin-
burgh), Wilfried Brauer (Munich), Mogens Nielsen (Aarhus) and Colin Stirling (Edin-
burgh) who kindly accepted the participation in the programme committee and the work
connected with the submission evaluation.

We also wish to thank to Jan Staudek, the chair of the MFCS’98 organising committee, as
well as to the local organising committee of the Workshop, who helped with its realization.
We also acknowledge the partial support of the Grant Agency of the Czech Republic to
the Workshop — via grant No.201/97/0456.
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Programme Committee Co-chairs
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Verification with unfoldings

Javier Esparza

Institut fiir Informatik
Technische Universitat Miinchen
esparza@informatik.tu-muenchen.de

The automatic verification of finite state systems suffers from the explosion of states
caused by the many possible permutations of concurrent events. Unfoldings are a verifi-
cation technique that avoids this explosion by disregarding the order of concurrent events.
It belongs to the group of so-called partial-order methods for model checking, which also
contains Valmari’s stubborn sets (implemented in the PROD tool), Godefroid’s sleep sets
(implemented in Holzman’s SPIN), and others.

Petri nets are a natural model for the unfolding approach, since they make concurrent
events explicit, but the technique can be equally well applied to communicating automata.
The behaviour of the Petri net is captured by unfolding of the net into an infinite acyclic
occurrence net. The unfolding operation is similar to the unwinding of a finite automaton
into an infinite acyclic automaton, but retains the concurrency aspects of the net.

The use of unfoldings for automatic verification was first proposed by K.L. McMillan
in his Ph. D. Thesis, where he showed that the infinite unwinding can be terminated when
it contains full information about the reachable states of the original net, even though the
states are not represented explicitly. In this sense, this prefix of the infinite unwinding can
be seen as a compact encoding of the state space. Since the permutations of concurrent
events are not enumerated, the prefix can be much smaller than the state graph of the
system. A weakness of McMillan’s original proposal was that the prefix could also be larger
(even exponentially larger) than the state graph. This problem was solved by Esparza,
Roemer, and Vogler by means of an improved criterion for termination.

Different authors have defined, implemented and tested algorithms which use unfold-
ings to efficiently solve a number of verification problems: deadlock detection, reachability,
concurrency of events, model-checking for both branching and linear time logics, and con-
formance between trace structures. Most of these algorithms are part of PEP, a modelling
and verification tool developed at the University of Oldenburg and the Technical University
of Munich.

Unfolding techniques have been applied to problems in different areas, such as design of
asynchronous circuits, verification of protocols and manufacturing systems, management
of telecommunication networks, and others.



The talk presents the basic ideas of the unfolding technique, compares it with others,
and provides performance statistics on some case studies. It finishes with pointers to
further information and available software.



Pushdown Automata, Multiset Automata,
and Petri Nets

Faron Moller
Computing Science Department
Uppsala University

P.O. Box 311
S-751 05 Uppsala, SWEDEN

Abstract

We consider various classes of automata generated by simple rewrite transition
systems. These classes are defined by two natural hierarchies, one given by inter-
preting catenation of symbols in the rewrite system as sequential composition, and
the other by interpreting catenation as parallel composition. In this way we pro-
vide natural definitions for commutative (parallel) context-free automata, multiset
(parallel push-down) automata, and Petri nets.

1 Introduction

Consider a context-free grammer (CFG) in Greibach normal form (GNF), for
example as given by the following three rules.

c b

X % XB X Ss¢ B ¢
Such a grammar consists of
a set of variables V = {X,B};

a set of alphabets labels ¥ = {a,b,c}; and
a set of production rules P = { X — aXB,

X — ¢,
B—1b }.



As we are concerned only with GNF grammars, we shall always write the production rules
with the label on top of the arrow. Also associated with such a grammar is an znitial
variable X, and the context-free language (CFL) generated by (the initial variable
of) the grammar, in this case

start state a m a a L

(final state) @ b @ b @ b o oo

Such grammars make up Bergstra and Klop’s Basic Process Algebra (BPA) [4] and
their automata are referred to as BPA processes. They are also instances of Caucal’s
Rewrite Transition Systems [8].

We can also interpret catenation of variables as “parallel” rather than “sequential” com-
position, by reading sequences of variables modulo commutativity of catenation. Thus for
example, XBB = BXB = BBX. Under this interpretation, the above grammar gives
rise to the following automaton.

e
8

e
=)
&

e

(start state) ( X )

\ b
(final state) @ b /B\ b

Such an interpretation gives rise to Christensen’s Basic Parallel Processes (BPP)
[10]. Note that its language, defined in the natural way as the sequence of labels on paths
leading from the start state to the final state, is generally different from the language of
the sequential automaton (which itself coincides naturally with the language of the CFG).
In fact, its language need not even be context-free. For example, the BPP given by the
grammar

o

C
®

X % BCX X 2y AcX X %y ABX
X % BC X % AcC X -3 AB
AL e Bi>6 C -5 ¢



generates the non-CFL consisting of the strings of {a, b, ¢}* containing an equal number
of a’s, b’s and ¢’s.

In the following, we shall generalise these processes and consider various questions regard-
ing their equivalence checking problems.

2 Rewrite Transition Systems

The starting point for our formal study will be automata, or labelled transition sys-
tems, as defined as follows.
Definition 2.1 A labelled transition system is a tuple (S,3, —, oy, F') where

e S is a set of states.

e Y is a finite set of labels.

e — CSxXxSisa transition relation, written o — 3 for (o, a, ) €—.

ap € S is a distinguished start state.

e [ C S is a finite set of final states which are terminal: for each o € F' there is
noa € ¥ and § € S such that o - .

This notion of a labelled transition system differs from the standard definition of a finite-
state automata only in that the set of states need not be finite, and final states must not
have any outgoing transitions.

Definition 2.2 A sequential labelled rewrite transition system is a tuple (V. X, P, ag, F)
where

e 1/ is a finite set of variables; the elements of V* are referred to as states.

e Y is a finite set of labels.

e P CV*xXxV*is a finite set of rewrite rules, written o — 3 for (a, a, 3) € P,
which are extended by the prefiz rewriting rule: if « - 3 then ay - 3.

ap € V* is a distinguished start state.
e ' C V*is a finite set of final states which are termainal.
A parallel labelled rewrite transition system is defined precisely as above, except

that the elements of V* are read modulo commutativity of catenation, which is thus
interpretted as parallel, rather than sequential, composition.



We shall freely extend the transition relation — homomorphically to finite sequences of
actions w € ¥* so as to write « — a and a 2% 3 whenever @ — v — 3 for some
state v € V*. Also, we shall refer to the set of states « into which the initial state can
be rewritten, that is, such that oy — « for some w € ¥*, as the reachable states.
Although we do not insist that all states be reachable, we shall assume that all variables
in V are accessible from the initial state, that is, that for all X € V there is some w € ¥*
and o, B € V* such that oy — a X 3.

A natural hierarchy of families of transition systems can be defined by restricting the
forms of the rewrite systems. This hierarchy is based loosely on the Chomsky hierar-
chy. (In this respect, type 1—context-sensitive—rewrite systems do not feature in this
hierarchy since the rewrite rules by definition are only applied to the prefix of a compo-
sition.) This hierarchy provides an elegant classification of several important classes of
transition systems which have been defined and studied independent of their appearance
as particular rewrite systems. This classification is presented as follows.

Restriction on the Restriction Sequential Parallel

rules o« — 3 of P on F composition composition
Type 0: none none PDA PN
Type 11: j‘vheefj’ VaidQﬁLf, @ p_g PDA MSA
Type 2: ||aeV F={} BPA BPP
Type 3: ||acV, peVUle} | F={¢} FSA FSA

In the remainder of this section, we explain the classes of transition systems which are
represented in this table, working upwards starting with the most restrictive classes. In
drawing labelled transition systems, we shall continue our trend of indicating initial states
by short arrows, and indicating finalstates by double circles.

FSA represents the class of finite-state automata. Clearly if the rules are restricted
to be of the form A —% B or A —% ¢ with A, B € V, then the reachable states of both
the sequential and parallel transition systems will be a subset of the finite set of variables
V. (We assume here that the initial state itself is a member of V.)



Example 1 In the following we present two type 3 (reqular) rewrite systems along with
the FSA transition systems which the initial states X and A, respectively, denote.

. @ A% B

X —Y a a
) A—C
Y —e e b
B —c¢
Y S ¢ bc

@ C ¢

As language recognisers in the usual sense, these automata both recognise the same
regular language (set of strings): {ab, ac}. However, they are substantially different
automata.

As indicated above, BPA represents the class of Basic Process Algebra processes of
Bergstra and Klop [4], which are the transition systems associated with GNF context-free
grammars in which only left-most derivations are permitted.

Example 2 In the following we present a type 2 (GNF context-free grammar) rewrite
system along with the BPA transition system which the initial state X denotes.

a  (vn\_a e a ...
BT € (x3) o

X S lc

B2 @ b @ b @ b ..

Also as indicated above, BPP represents the class of Bastc Parallel Processes intro-
duced by Christensen [10] as a parallel analogy to BPA, and are defined by the transition
systems associated with GNF context-free grammars in which arbitrary grammar deriva-
tions are permitted.



Example 3 The type 2 rewrite system from Example 2 gives rise to the following BPP
transition system with initial state X .

X % XB \Ql(\) Z (xB) - (ks — ...
X Se c

B¢ @ b @ b @ b ..

This automata recognises the language consisting of all strings from (a + b)*cb* which
contain an equal number of a’s and b’s in which no prefix contains more b’s than a’s.

PDA represents the class of push-down automata which accept on empty stack. To
present, such PDA as a restricted form of rewrite system, we first assume that the variable
set V' is partitioned into disjoint sets @) (finite control states) and , (stack symbols). The
rewrite rules are then of the form pA - ¢3 with p,q € Q, A € , and 8 € , *, which
represents the usual PDA transition which says that while in control state p with the
symbol A at the top of the stack, you may read the input symbol a, move into control
state ¢, and replace the stack element A with the sequence (. Finally, the set of final
states is given by (), which represent the PDA configurations in which the stack is empty.

Caucal [8] demonstrates that, disregarding final states, any unrestricted (type 0) sequen-
tial rewrite system can be presented as a PDA, in the sense that the transition systems
are isomorphic up to the labelling of states. The stronger result, in which final states
are taken into consideration, actually holds as well. The idea behind the encoding is as
follows. Given n arbitrary rewrite transition system, take n to be at least as large as the
length of any sequence appearing on the left hand side of any of its rules, and strictly
larger than the length of any final state. Let Q@ = {p, : « € V* and length(a) < n}
and , =V U{Z, : @€ V*and length(a) < n}. Every final transition system state « is
represented by the PDA state p,, that is, by the PDA being in control state p, with an
empty stack denoting acceptance; and every non-final transition system state a3y with
length(«) < n, length(3vy) > 0 only if length(or) = n — 1, and length(3) > 0 only if
length() = n, is represented in the PDA by p,/Z,, that is, by the PDA being in control
state p, with the sequence 3Z, on its stack. Then every transition system rewrite rule
gives rise to appropriate PDA rules which mimic the transition system and respect this
representation. Thus we arrive at the following result.

Theorem 2.3 Every sequential labelled rewrite transition system can be represented (up
to the labelling of states) by a PDA transition system.

Note that, as is reflected in the above construction, every BPA is given by a single-state
PDA; the reverse identification is also immediately evident. However, we shall see in
Section 4 that any PDA presentation of the BPP transition system of Example 3 must
have at least 2 control states: this transition system is not represented by any BPA.



Example 4 The BPP transition system of Example 3 is given by the following sequen-
tial rewrite system.

X “s XB X S ¢ Bty XB - X

By the above construction, this gives rise to the following PDA with initial state p, Z..
(We omit rules corresponding to the unreachable states.)

Dy Le i>pXZB PyZpp i>pXBZBB Pple L>p5
Py Ze = Pe PiZyy — Dy 2, PuZy = pyZe
PxZny = P2y PsZns — P2y
psB = p,
j A i>pXZBB pB L>pXBB
P2y — Py Ze Py B~ py
j A L>pBZE pB L>QDB

This can be expressed more simply by the following PDA with initial state pZ.

pZ %5 pBZ pB s pBB qZ <5 q
pZ 5 q pB 2 p ¢B 5 ¢
pB - pBB

MSA represents the class of multiset automata, which can be viewed as “parallel”
or “random-access” push-down automata. They are defined as above except that they
have random access capability to the stack. Thus a MSA transition rule pA —% ¢3 with
p,g € Q, A€, and B €, *, says that while in control state p with the symbol A anywhere
in the stack, you may read the input symbol a, move into control state ¢, and replace the
stack element A with the sequence f3.

Example 5 The BPA transition system of Example 2 is isomorphic to that given by
the following MSA with initial state pX.

pX = pBX pX ¢ qBi>q

Note that when the stack alphabet has only one element, PDA and MSA trivially coincide.
Also note that BPP coincides with the class of single-state MSA. However, we shall see
in Section 4 that any MSA presentation of the BPA transition system of Example 2 must
have at least 2 control states: this transition system is not represented by any BPP.

PN represents the class of (finite, labelled, weighted place/transition) Petri nets, as
is evident by the following interpretation of unrestricted parallel rewrite systems. The
variable set V represents the set of places of the Petri net, and each rewrite rule @ — 3
represents a Petri net transition labelled a with the input and output places represented
by a and ( respectively, with the weights on the input and output arcs given by the



relevant multiplicities in o and 3. Note that a BPP is a communication-free Petri net,
one in which each transition has a unique input place.

Example 6 The following unrestricted parallel rewrite system with initial state X and
final state Y

X XA XAB -5 X VA Y
X s xB X -4y YB-y

describes the Petri net which in its usual graphical representation net would be rendered
as follows. (The weight on all the arcs is 1.)

c
The automata represented by this Petri net recognises the language consisting of all
strings from (a 4+ b+ ¢)*d(a + b)* in which the number of ¢’s in any prefix is bounded
above by both the number of a’s and the number of b’s; and in which the number of
a’s (respectively b’s) before the occurrence of the d minus the number of ¢’s equals the
number of a’s (respectively b’s) after the occurrence of the d.

Although in the sequential case, PDA constitutes a normal form for unrestricted rewrite
transition systems, we shall see that this result does not hold in the parallel case.

3 Languages and Bisimilarity

Apart from isomorphism between transition systems, there are several other weaker no-
tions of equivalence which are commonly studied. We shall be interested in two of these:
language equivalence and bisimilarity. We have in fact already been describing the lan-
guages accepted by the automata in the examples of the previous section.

Given a labelled transition system 7' with initial state ap, we can define its language
L(T) to be the language generated by its initial state ap, where the language generated
by a state is defined in the usual fashion as the sequences of actions which label rewrite
transitions leading from the given state to a final state.

Definition 3.1 L(a) = {w e X* : a —> Bforsome € F}, and L(T) = L(ap).
and 3 are language equivalent, written a ~y, 3, iff they generate the same language:

L) = L(p)-



Thus, for example, the class of languages generated by FSA are precisely the (s-free)
regular languages; and the class of languages generated by both BPA and by PDA are
the (e-free) context-free languages.

With respect to the languages generated by rewrite systems, if a rewrite system is in the
process of generating a word, then the partial word should be extendible to a complete
word. That is, from any reachable state of the transition system, a final state should be
reachable. If the transition system satisfies this property, it is said to be normed.

Definition 3.2 We define the norm of any state a of a labelled transition system,
written norm(«), to be the length of a shortest rewrite transition sequence which takes
« to a final state, that is, the length of a shortest word in L(«). By convention, we
define norm(«) = oo if there is no sequence of transitions from « to a final state, that is,
L(«) = (). The transition system is normed iff every reachable state o has a finite norm.

Note that, due to our assumption following Definition 2.2 on the accessibility of all of the
variables, if a type 2 rewrite transition system is normed, then all of its variables must
have finite norm. The following then is a basic fact about the norms of BPA and BPP
states.

Lemma 3.3 Given any state a3 of a type 2 rewrite transition systems (BPA or BPP),
norm(a3) = norm(a) + norm(f3).

A further common property of transition systems is that of determinacy.

Definition 3.4 T'is determanzistic iff for every reachable state o and every label a there
is at most one state 3 such that o — f3.

For example, the two finite-state automata presented in Example 1 are both normed
transition systems, while only the first is deterministic. All other examples which we have
presented have been both normed and deterministic.

In the realm of concurrency theory, language equivalence is generally taken to be too coarse
an equivalence. For example, it equates the two transition systems of Example 1 which
generate the same language { ab, ac} yet demonstrate different deadlocking capabilities
due to the nondeterministic behaviour exhibitted by the second transition system. Many
finer equivalences have been proposed, with bistmulation equivalence being perhaps
the finest behavioural equivalence studied. (Note that we do not consider here any so-
called ‘true concurrency’ equivalences such as those based on partial orders.) Bisimulation
equivalence was defined by Park [42] and used to great effect by Milner [35, 36]. Its
definition, in the presence of final states, is as follows.

Definition 3.5 A binary relation R on states of a transition system is a bisimulation
iff whenever (a, 3) € R we have that



o if a5 a' then -2 forsome 3 with (o', ) € R;
o if 33 then a -« forsome o with (o/, ') € R;
e el iff eF.

a and (3 are bisimulation equivalent or bisimilar, written o ~ (3, iff {(a, 3) € R for
some bisimulation R.

Lemma 3.6 ~ = U{R : R 1s a bisimulation relation} 15 the largest bisimulation
relation, and is an equivalence relation.

Bisimulation equivalence has an elegant characterisation in terms of certain two-player
games [46]. Starting with a pair of states («, 3), the two players alternate moves according
to the following rules.

1. If exactly one of the pair of states is a final state, then player I is deemed to be the
winner. Otherwise, player I chooses one of the states and makes some transition
from that state (either & — o' or 3 — (3'). If this proves impossible, due to both
states being terminal, then player II is deemed to be the winner.

2. Player II must respond to the move made by player I by making an identically-
labelled transition from the other state (either 3 —+ ' or a — ). If this proves
impossible, then player I is deemed to be the winner.

3. The play then repeats itself from the new pair (/, §’). If the game continues forever,
then player II is deemed to be the winner.

The following result is then immediately evident.

Fact 3.7 a ~ 3 iff Player II has a winning strategy in the bisimulation game starting
with the pair {«, ().

Conwversely, o o0 3 iff Player I has a winning strategy in the bisimulation game starting
with the pair {«, ().

Also immediately evident then is the following lemma with its accompanying corollary
relating bisimulation equivalence to language equivalence.

Lemma 3.8 Ifa ~ 3 and a — o' with w € X*, then 8 —= 3' such that o/ ~ 3'.

Corollary 3.9 If a ~ (3 then o ~p, 3.

10



Apart from being the fundamental notion of equivalence for several process algebraic
formalisms, bisimulation equivalence has several pleasing mathematical properties, not
least of which being that it is decidable over classes of transition systems for which all other
common equivalences, including language equivalence, remain undecidable. Furthermore
as given by the following lemma, language equivalence and bisimilarity coincide over the
class of normed deterministic transition systems.

Lemma 3.10 For states a and 3 of a normed deterministic transition system, if o ~p, 3
then o ~ (3. Thus, taken along with Corollary 3.9, ~5, and ~ coincide.

Hence it is sensible to concentrate on the more mathematically tractable bisimulation
equivalence when investigating decidability results for language equivalence for determin-
istic language generators. In particular, by studying bisimulation equivalence we can
rediscover old theorems about the decidability of language equivalence, as well as pro-
vide more efficient algorithms for these decidability results than have previously been
presented. We expect that the techniques which can be exploited in the study of bisimu-
lation equivalence will prove useful in tackling other language theoretic problems, notably
the problem of finding a simple proof of the decidability of deterministic push-down au-
tomata, for which a lengthy proof was only recently demonstrated by Sénizergues [44].

4 Expressivity Results

Our hierarchy from above gives us the following classification of processes.

PDA

(h) (i)

~

() PN

In this section we demonstrate the strictness of this hierarchy by providing example tran-
sition systems which lie precisely in the gaps indicated in the classification.

(a) The first transition system in example 1 provides a normed deterministic FSA.

11



(b)

The type 2 rewrite system with the two rules A %+ AA and A Ly gives rise to
the same transition system regardless of whether the system is sequential or parallel;
this is an immediate consequence of the fact that it involves only a single variable
A. This transition system is depicted as follows.

This is an example of a normed deterministic transition system which is both a BPA
and a BPP but not an FSA.

Examples 3 and 4 provide a transition system which can be described by both a
BPP (Example 3) and a PDA (Example 4). However, it cannot be described up to
bisimilarity by any BPA. To see this, suppose that we have a BPA which represents
this transition system up to bisimilarity, and let m be at least as large as the norm
of any of its variables. Then the BPA state corresponding to X B™ in Example 3
must be of the form Ao where A € V and o € V'. But then any sequence
of norm(A) norm-reducing transitions must lead to the BPA state «, while the
transition system in Example 3 has two such non-bisimilar derived states, namely
X B* ! and B* where k = norm(a).

The following BPP with initial state X

X % XB X s XD X % ¢ B¢ D -4

is not language equivalent to any PDA, as its language is easily confirmed not to be
context-free. (The words in this language from a*c*b*d*e are exactly those of the
form a*c"b*d"e, which is clearly not a context-free language.)

Examples 2 and 5 provide a transition system which can be described by both a
BPA (Example 2) and a MSA (Example 5). However, the context-free language
which it generates, {a"cb™ : n > 0}, cannot be generated by any BPP, so this
transition system is not even language equivalent to any BPP. To see this, suppose
that L(X) = {a"cd” : n > 0} for some BPP state X. (As the process has unit
norm, the state must consist of a single variable X.) Let k be at least as large as the
norm of any of the finite-normed variables of this BPP, and consider a transition
sequence accepting the word a*cb*:

ak c bk
X — Ya— fa — ¢

where the c-transition is generated by the transition rule Y —= 3. We must have

norm(Y ) = k+1 > norm(Y), so a # £; hence o — £ and j Y75 ¢ for some i > 0.
Thus we have

ak bi c bk—i
X —Ya —Y—p0 — ¢

12



(1)

from which we get our contradiction: a*bich*~* € L(X) for some i > 0.

The following PDA with initial state pX
pX 4 pXX pXLH] pX 5 r qX—b>q rX s r

coincides with the MSA which it defines, since there is only one stack symbol. This
transition system is depicted as follows.

f | f | N
I i i )
rX rX2 bl

However, this transition system cannot be bisimilar to any BPA, due to a similar
argument as for (c¢), nor language equivalent to any BPP, due to a similar argument
as for (e).

The following MSA with initial state pX

pX 5 pA pA - pAA qALM]B rd s
pA—b>qB gB = r rB —sr

generates the language { a"b*c® 0 < k < n}, and hence cannot be language

equivalent to any PDA | as it is not a context-free language, nor to any BPP, due to
a similar argument as for (e).

The following BPA with initial state X

X %5 XA X -, xXB X ¢ A% B % ¢

R

generates the language { wew™ : w € {a,b}* } and hence is not language equivalent

to any PN [43].

The following PDA with initial state pX
pX 4 pAX  pA 5 pAA pB 5 pAB gAY q rA -y
pX L>pBX pAL>pBA pB—b>pBB quH] rB -2 r

pX = ¢X pA 5 gA pB = ¢B X g rX 25
pXiH“X pALH"A pBiH"B

13



is constructed by combining the ideas from (f) and (h). It can be schematically
pictured as follows.

(O

a@D e

O

In this picture, e, f,g,... € {a,b} and E,F, G, ... € {A, B} correspond in the obvious
way. The language this PDA generates is { wew®a, wew™ : w € {a,b}*} and
hence as in (h) above it is not language equivalent to any PN; and as in (c¢) above
it is not bisimilar to any BPA.

®

~
<)

(%)
NN
&kk

(¢
)
>

-
m
>

(O8]

C
¢

(j) The Petri net from Example 6 cannot be language equivalent to any PDA, as its
language is easily confirmed not to be context-free. (The words in this language
of the form a*b*c*d are exactly those of the form a"b"c"d, which is clearly not a
context-free language.)

More importantly, this Petri net cannot be bisimilar to any MSA. To see this,
suppose that the net is bisimilar to the MSA state pA. (As the process has unit norm,
the stack must consist of a single symbol A.) Consider performing an indefinite
sequence of a-transitions from pA. By Dickson’s Lemma [18], we must eventually
pass through two states qa and g8 in which the control states are equal and the
stack of the first is contained in the stack of the second. This implies is that we can
perform the following execution sequence.

k k k k
pA = ga X qaf X qap? s -

(We can assume that the period of the cycle is of the same length as the initial
segment. If this isn’t already given by the Lemma, then we can merely extend the
initial segment to the next multiple of the length of the cycle given by the Lemma,
and use this multiple as the cycle length.) Considering now an indefinite sequence
of b-transitions from qa, a second application of Dickson’s Lemma gives us the
following execution sequence.
bk bk bk 9 bk
g — 1y —> Y0 — 1707 — -~

(We can assume again by the same reasoning as above that the period of the cycle
is of the same length as the initial sequence. Furthermore, we can assume that this
is the same as the cycle length of the earlier a-sequence, by redefining the cycle
lengths to be a common multiple of the two cycle lengths provided by the Lemma.)
Now there must be a state so such that

14



k k k
pA 5 qa 55 vy S so /S
Consider then the following sequence of transitions.
a2lc b2lc ck c
pA — qaff — ryf — sodff —

There must be a rule for sX — for some X which appears in either § or 5. But
considering the following sequence of transitions

a® b2k ck c
pA — qa — Y0 — Sso0 +—

we must deduce that this X cannot appear in 0. Equally, considering the following
sequence of transitions

pA a—%> qo3 b—k> ry[3 C—k> sof3 /C—>

we must deduce that this X cannot appear in . We thus have our contradiction.
We here summarize again these separation results in the following theorem.

Theorem 4.1 There exist (normed and deterministic) labelled transition systems lying
precisely in the gaps (a)—(i) in the figure above. In particular, there is a Petri net which
s not even bisimilar to any MSA.

5 Related Work

The classes of transition systems represented within our double hierarchy have all occurred
naturally in independent contexts. Indeed this is one of the beauties of the hierarchies:
it gives a unified presentation of many classes that have been afforded a great deal of
research. Some avenues of intense interest are as follows.

5.1 Further Separability Results

In this paper we have been interested in separating classes with respect to isomorphism
between automata. We have however managed to demonstrate even stronger results,
showing that classes could be separated up to bisimulation equivalence, and sometimes
even up to language equivalence.

Of course, when we weaken the equivalence and equate more and more automata, this
hierarchy will tend to collapse in expressivity. For example, BPA and PDA both express
exactly the (e-free) context-free languages, and hence the gap between BPA and PDA
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vanishes with respect to language equivalence. The question then is: which gaps are
preserved with respect to language equivalence.

We have demonstrated in the previous section that most gaps are maintained apart from
the BPA-PDA gap. For example, (h) shows that there are BPA languages which are not
Petri net languages; (d) shows that there are BPP languages which are not BPA languages;
and (g) shows that there are MSA languages which are not BPP languages. The only gap
which remains to investigate is that between MSA and Petri nets. Recently, Hirshfeld [20]
has settled this question by demonstrating that this gap vanishes with respect to language

equivalence. He thus provides a new characterisation of Petri net languages in terms of
MSA.

5.2 Equivalence Checking

The first decidability result of relevance here regards language equivalence between finite-
state automata (Moore [40]). The decidability of bisimulation is also readily established;
but whereas the language equivalence problem is co-PSPACE-complete, bisimulation
equivalence can be determined in time O(klgn), where n and k are the total number
of states and edges, respectively, of the two automata being compared (Paige and Tar-
jan [41], Kanellakis and Smolka [33]).

The first relevant result related to infinite-state automata is the undecidability of lan-
guage equivalence between context-free automata BPA (Bar-Hillel, Perles and Shamir [3]).
Groote and Hiittel [17] extend this undecidability result to all of the equivalences in
van Glabbeek’s catalogue of equivalences [15] except for bisimulation. Baeten, Bergstra
and Klop [1, 2] were the first to demonstrate that bisimulation is decidable for normed
BPA. Their lengthy proof exploits the periodicity which exists in normed BPA transi-
tion systems, and several simpler proofs exploiting structural decomposition properties
as introduced by Milner and Moller [37, 38] were soon recorded, notably by Caucal [7],
Hiittel and Stirling [26], and Groote [16]. Huynh and Tian [27] demonstrate that this
problem has a complexity of ¥ by providing a nondeterministic algorithm which relies
on an NP oracle; Hirshfeld, Jerrum and Moller [21, 22| refine this result by providing a
polynomial algorithm, thus showing the problem to be in P. As a corollary of this, we get
a polynomial-time algorithm for deciding language equivalence of simple grammars, thus
improving on the original doubly-exponential algorithm of Korenjak and Hopcroft [34],
and the singly-exponential algorithm of Caucal [9]. A generally more efficient, though
worst-case exponential, algorithm is presented by Hirshfeld and Moller [24]. Finally,
Christensen, Hiittel and Stirling [13, 14] demonstrate the general problem to be decid-
able, whilst Burkart, Caucal and Steffen [5] provide an elementary decision procedure.

For the case of commutative context-free automata BPP, we get similar results. Hirsh-
feld [19] demonstrates the undecidability of language equivalence, and Hiittel [25] extends
this undecidability result to all of van Glabbeek’s equivalences except bisimilarity. Chris-
tensen, Hirshfeld and Moller [11, 12] demonstrate the decidability of bisimilarity, first
for the normed case and then in the general case; and Hirshfeld, Jerrum and Moller [23]
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provide a polynomial-time algorithm for the normed case.

For PDA, we note the recent positive solution of Sénizergues [44] to the long-standing
question as to the decidability of language equivalence for deterministic PDA. (Note that
this case includes the possibility of e-transitions, which we have ignored in the present
study.) A further recent result is the proof of Stirling [47] of the decidability of bisimilarity
over normed PDA. The former proof is enormously long (exceeding 70pp in its full, as yet
unpublished form [45]); it would be worthwhile looking for an extension of the latter proof
to provide a simpler demonstration of the classical problem, exploiting the coincidence of
language and bisimulation equivalences over normed and deterministic automata.

Finally, for MSA and Peti nets, the results are more negative. Jancar [28, 29] demonstrates
the undecidability of bisimilarity for Petri nets, and this result is refined in [39] to apply
to the more restricted class MSA.

5.3 Minimizing Automata and Regularity Checking

A further interesting question is that of regularity checking, that is, determining if an
automaton is equivalent to some (unspecified) finite-state automaton. Often this question
is addressed in conjunction with the question of minimizing automata, that is, collapsing
equivalent states; the question then is if the collapsed automaton is finite, or if it even
stays within the class of automata from which the original is taken.

Burkhart, Caucal and Steffen [5] study the problem of bisimulation collapse for many
of the classes of automata that we are considering. They determine that the classes are
typically not closed under bisimulation collapse. However, one positive result which they
obtain from their study is that regularity checking for BPA is decidable.

Valk and Vidal-Naquet [48] consider the regularity checking problem for Petri nets with
respect to language (and trace) equivalence; and Esparza, Janc¢ar and Moller [32, 30, 31]
reconsider this problem particularly with respect to bisimulation equivalence, as well
as the closely-related question of checking equivalence between a Petri net and a given
finite-state automaton. The latter show that trace equivalence is decidable, even in the
more general setting including e-transitions, but that regularity checking with respect to
trace equivalence is undecidable; this contrasts with the former’s decidability result in
the case that all labels on transitions (as appearing in the production rules) are unique.
Finally, the latter demonstrate that the equivalence problem and regularity checking are
both decidable with respect to bisimulation equivalence, but that both of these problems
become undecidable when e-transitions are permitted.

5.4 Model Checking

The last topic we mention, but only briefly, is that of model checking: determining if a
property expressed in some temporal logic holds of a given automaton. Typically the logic
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in question is some subset of monadic second order logic, such as the modal p-calculus.
To view the myriad of results, look to Esparza’s overview paper [6].
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Abstract

Rewrite systems have successfully been used for the description of infinite-state
systems. According to the interpretation of words as either sequences or multisets
rewrite systems may describe classes of transition systems like e.g. BPA, PDA, BPP
or Petri Nets. In this paper we introduce a new hierarchy of processes obtained by
considering rewrite systems together with a FIFO-like rewrite rule. We investigate
the reachability, bisimulation and model checking problems for these processes.

1 Introduction

Recently, the use of rewrite systems for the description of infinite-state systems has blos-
somed within the concurrency theory community. One of the main motivations for their
study has been to provide for a unified framework in which various well-known classes
of transition systems first defined in the theory of process algebras or Petri nets can be
concisely expressed. Moreover, this approach provides a clear link between well-studied
classes of formal languages and families of transition systems on the other side. In one di-
rection well-known decidability results from formal language theory can be used to answer
decidability question about classes of transition systems, while in the other direction the
more general viewpoint of considering graphs as generators of languages opens a new field
of research in formal language theory.

Up to now rewrite systems have been used to describe classes of sequential, as well as
parallel infinite-state processes leading to a Chomsky-like hierarchy. This taxonomy has
attracted much research aimed at systematically clarifying the boundary between decid-
ability and undecidability within the considered hierarchies for such divers problems as

*This research was supported by the DFG under grant STE 537/9-1.



reachability, bisimulation equivalence or model checking. Most of the results obtained are
based on intriguing decomposition techniques, as well as interesting reductions to known
undecidable problems and are summarized in [Mol96, Esp97, BE9T].

In this paper we introduce a new third hierarchy of process classes. The main charac-
teristic of these processes is a queue-like behaviour resulting from a new meta-rule which
extends the given rewrite systems. Similar to the sequential and parallel cases this leads
to a Chomsky-like hierarchy with three interesting classes, Basic Queue Processes (BQP),
Finitely Controlled Queue Processes (FCQP) and Queue Processes (QP), for which we will
consider the reachability, bisimulation equivalence, and model checking problem.

Queues are the model of choice in the design of e.g. round robin schedulers. The typical
behaviour of such a scheduler operating on a queue of nondeterministic processes is (1)
take the process from the head of the queue, (2) let it evolve for one transition, and (3)
put the resulting successor state back to the end of the queue. The classes BQP, FCQP,
and QP extend this basic behaviour by taking additional context into account, and by
interpreting the successor state again as a queue.

The remainder of the paper is now organized as follows. In Section 2 we introduce
rewrite systems coupled with queue-like behaviour which will be utilized to model infinite-
state systems. Subsequently, we investigate the reachability problem for these processes in
Section 3, whereas Section 4 addresses their bisimulation problems. Finally, we consider
the model checking problem for the modal p-calculus and queue processes in Section 5,
while Section 6 contains our conclusions.

2 Models

Although a variety of semantic models exist for concurrent systems most can be interpreted
as edge-labelled directed graphs whose vertices represent the states of the system, and
whose edges describe the possible state transitions. Labels on the edges then represent the
action or event that occurs.

Definition 2.1 A labelled transition system 7 is a triple (S,%, { % Yoex) where S is the
set of states, X is the set of labels (or actions), and HC S xS, ac X are the transition
relations.

A transition system is rooted if it has a distinguished initial state. A state s” is reach-

able from s' if there exists a path s’ = s; % ... "' s, = §".

Over the last decade a whole plethora of formalisms which may finitely represent
infinite-state transition systems have been investigated. Here we follow the example set by

Caucal [Cau92] and later by Stirling and Moller [Sti96, Mol96] who used rewrite systems
to classify important classes of infinite-state transition systems.

Definition 2.2 (Labelled Rewrite Systems)
A labelled rewrite system is a triple R = (V, X, R) where V' is an alphabet, ¥ is a set of
labels, and R C V* x X x V* is a finite set of rewrite rules.



We use uppercase letters A, B, C, ... to denote nonterminals of V', and lower case greek
letters a, 3,7, ... to denote words over V. Moreover, we write € for the empty word.

In the sequel, a rewrite rule (aq,a, ) € R where «; € V* is also written as oy L .
We will denote a rewrite system simply by R if V' and ¥ are clear from the context.

Rewrite systems by themselves do not immediately lead to infinite-state systems. What
is at least needed is a kind of meta-rule which prescribes how the rewrite rules have to
be applied to words. Orthogonally to this concept, one can additionally introduce an
equivalence relation on the set of words, which allows to model e.g. parallel processes by
defining two words as equivalent if they are a permutation of each other. Formally, we
will consider transition graphs generated by a rewrite system wrt. a meta-rule and an
equivalence relation as follows.

Definition 2.3 (Labelled Rewrite Transition Systems)
Given a labelled rewrite system R = (V, 3, R), a meta-rule

¥ R — 2V XEXVT
and an equivalence relation 6 on V* the labelled rewrite transition system
T(R,9,0) =4 (V*/0,5, =r90)
15 defined by the transition relation
=00 = { [Vl > [V | Ta=BER (v 59") €d(a=p)}
where [y]g denotes the equivalence class of v wrt. 6.

An example for a family of labelled rewrite transition systems is e.g. the class of BPA
processes [BBK93] which is obtained by considering rewrite systems with basic rules of the
form A % o, € V*, a meta-rule

dp(a = B) = {ay = py | yeV*}

expressing prefir rewriting, and the identity relation on words. Taking instead an equiv-
alence relation which identifies words up to permutation of letters yields the well-known
class of BPP processes [Chr93].

In this paper we introduce a new queue meta-rule
dola = B) = {ay =8 | yeV"}

which models in conjunction with the identity relation a first-in first-out discipline. This
leads to processes different from the sequential and parallel case, as they exhibit a queue-
like behaviour. An example of a rewrite system with basic rules, but interpreted wrt. the
queue meta-rule is given in Figure 1.



Root

Cc
g =2 X == vX =% vyyx=S"vyYx

S

Y a_ xy YXY XY

NA

Yy =2 xyy <% yxyy

Rewrite Rules
a d
X —= ¢ c

b YYY <2 xvvy
X —= YX
y = € \

d YYYY

Figure 1: An example of a process with queuing discipline.

Similar to the taxonomy put forward in [Sti96, Mol96], restricting the form of allowed
rewrite rules or adding a finite control yields different classes of processes. Here rewrite
systems with a finite control have rewrite rules (¢, ¢", o - () and are applied to state-word
pairs ¢ : 7. As expected, a rule (¢, ¢", o = ) rewrites ¢, : 71 t0 g2 : 2 if 1 = ¢, @ >
rewrites 1 to v2, and ¢ = ¢”. Rewrite rules with finite control will henceforth be written
as ¢ ta=>q":p.

Classifying the families of transition systems according to the restrictions on the form of
allowed rewrite rules, and on how words are interpreted we obtain the following hierarchies
containing! Sequential Processes (SP), Parallel Processes (PP), Queue Processes (QP),
their Basic (B) variants, as well as their Finitely Controlled (FC) versions.

‘ Form of rewrite rules ‘ Sequential ‘ Parallel ‘ Queue ‘
a> B SP = FCSP PP (Petri Nets) | QP
qAS ("B FCSP (PDA) FCPP FCQP
AL B BSP (BPA) BPP BQP

3 Reachability

In this section we investigate the reachability problem for the classes QP, FCQP, and BQP.

!The abbreviations used in the sequel are an attempt to standardize the naming conventions for these
process classes.



First, it turns out that QP processes have already full Turing power and consequently an
undecidable reachability problem. This result follows immediately from the undecidability
of reachability for Post Tag systems with k£ = 2 [CM64].

Given an alphabet V' ={ Ay,... , A, }, a Post tag system is a finite set of deterministic
rewrite rules { A; — a;,; € V*} together with a constant k. A computation step of a
Post tag system transforms a word a; ...a, into a4y ...a,0; if n > k and a; = A;. This
means that the first letter only determines the right-hand side of the rewrite rule which
will be appended to the given word, after which the first &k letters are removed from it.

Cocke and Minsky [CM64] have shown that Post tag systems with £ = 2 are already
universal, i.e. can simulate any Turing machine. We therefore have the following theorem.

Theorem 3.1 Reachability for QP processes is undecidable.

Proof: This result immediately follows from the observation that any Post tag system
{A; = a0, € V¥ over V={A..., A, } with k = 2 correponds to the queue process

{AZA—>OZZ | AGV,OZZ'GV*}

O

Adapting the idea of Cocke and Minsky we are able to prove universality also for FCQP
processes which consequently have, as well as QP processes, an undecidable reachability
problem. Of paramount importance in the proof is the ability to distinguish between se-
quences of odd and even length. In the QP case this is done by using two interleaved tapes,

while in the case of FCQP we will have a state representing even, and one representing
odd.

Theorem 3.2 Reachability for FCQP processes is undecidable.

Proof: A Turing machine with a finite control, an input tape, and a head usually performs
in the state ¢; the following steps.

0 then Write B;y, Move D;q, Goto ¢;o

State g;: Read b, if b; = { 1 then Write B;;, Move D;;, Goto ¢;;

For the proof we will, however, use a variant of this machine model which was introduced
in [CM64]. Here the reading of the tape is delayed and causes an immediate state-change.

0 then Goto g¢;

State ¢;:  Write B;, Move D;, Read b;, if b; = { | then Goto g

Obviously, this model is equivalent to the standard model of a Turing machine. In our
modified model a state of the Turing machine can now be represented by

El
.. |ag|ag[as|ag| c[bg|by|by by




As ¢; represents the state after reading ¢, we do not need to include the letter ¢ into our
formal description. The sequence ...azasaiag, respectively the sequence ... bsbyb by, will
be interpreted as the integer M = Z;’il a;2%, respectively N =, ZSL b;2!. Since only a
finite portion of the tape will ever contain non-blank symbols both integers are well defined.
Consequently, a state of the Turing machine is fully described by the tuple (g;, M, N).

A movement of the head can thus be modelled by manipulating M and N. For example,
a move right means M := 2M + B;, and N := N/2 if N is even, or N := (N —1)/2if N
is odd, while a move left just exchanges the roles of M and N in this transformation.

We are going to construct now a FCQP process faithfully simulating such a Turing
machine. The finite control of the FCQP process to be constructed will consist of two
states g, (for even) and ¢, (for odd). Suppose we have a configuration (¢;, M, N) which
will be represented by the word g, : 4;a2 B;bY. The state ¢. (¢,) encodes that we have
just read a zero (one), while the state ¢; of the Turing machine is encoded in the tape
contents, and not in the finite control. In the following we consider only a move right, as
the case of moving left is dealt with dually, and omit transition labels as they are of no
importance.

If we have to write in state ¢; a 0 the FCQP process will contain the rules

dejo - Az — dejo - Cz Ge/o * Q4 — Ge/o * CiCi

whereas in case we have to write a 1 they will look as

Ge/o * Az — Gejo - Oz'cz'a Qejo - Qi =7 Qe/o - CiCi

Application of these rules yields a configuration g/, : B;bY CicZM' where M' = 2M if we
have written a 0, and M' = 2M + 1 if we have written a 1. Applying the rewrite rules

Qe/o:Bi%qg:Dia qg:bi_>QO:€a QO:bi%Qe:di
yields then the configuration

Qe C’icngile/? if N was even, i.e. we have read 0

Qo : Cicf‘/"Did(N_l)/z if N was odd, i.e. we have read 1

3

Now we finish the simulation of a single Turing machine cycle when N was even by applying
the rewrite rules

ge 1 Ci = qe t Ajo, Qe : C; = (e G4,
Ge : Di — qe : Bjp, Qe : di — qe : big

producing the final configuration ¢ : Aioa%'Biob%/ ? while in case N was odd we apply

Q0 : Ci — qo : Ain, Qo * C; = Qo * Q41
Qo : D; — q, : By, Qo : di — qo = bjx



yielding the final configuration ¢, : Ailaf‘f'Bilbz(-{V “Y/2 The well-known undecidability
of the halting problem for Turing machines implies, finally, that reachability for FCQP
processes is undecidable. O

At this point we would like to observe that the simulation of a Turing machine by
means of a FCQP process, as well as in the case of QP processes, is deterministic, which
will play an important role when considering the associated bisimulation problems in the
following section.

We close this section by mentioning that BQP processes correspond to Post tag systems
with k& = 1 for which Cook has settled the reachability problem in the affirmative. We
therefore have the following theorem.

Theorem 3.3 ([Co066]) Reachability for BQP is decidable.

4 Bisimulation

In this section we address the bisimulation problems for queue processes. Bisimulation
equivalence plays a role of paramount importance in concurrency theory and is defined as
follows [Par81, Mil89):

Definition 4.1 A binary relation R between processes is a bisimulation if whenever (p, q) €
R then for each a € Act:

1. pSp implies3¢.¢>q¢ N (p,¢) €R, and
2. ¢ q implies3p.pSp AN (1,q) €R.

Two processes p and ¢ are said to be bisimulation equivalent or bisimilar, written p ~ ¢,
if (p,q) € R, for some bisimulation R.

Theorem 4.2 Bisimulation is undecidable for QP and FCQP processes.

Proof: As explained in Section 3 both classes of processes are universal. Given a Turing
machine M, we can construct a QP (FCQP) process P which faithfully and deterministi-
cally simulates M. By using two copies P; and P, of P where the transition of the halting
state is renamed to halt;, respectively halty, we obtain

Pr~ Py iff M does not halt

|

In contrast, the bisimulation problem for BQP looks intriguing as BQP processes have

not full Turing power, and are therefore not immediately excluded from possessing a decid-

able bisimulation problem. On the other hand the queue-like behaviour of these processes

entails that concatenation is not a congruence wrt. ~ as illustrated by the following exam-
ple.

Example 4.3 Let A, = BA,,A, = BA,BA,, B LN e, and C 5 C. Then we have

Al ~ A27 but AIO ’7/4 AZO

Nevertheless, we conjecture that bisimulation is decidable for BQP processes.



5 Model Checking

In this section we are going to show that model checking the modal p-calculus is undecidable
for BQP processes. The well-known modal p-calculus is a powerful branching time logic
introduced by Kozen [Koz83|. It combines standard modal logic with least and greatest
fixpoint operators which allows to express very complex temporal properties within this
formalism. Formulas of the p-calculus are defined by the following grammar

Pu=tt | X | P |PVD|(a)P | uX.D

where X ranges over a (countable) set of variables Var, and a over a set of actions X.
Additionally, we impose on the body of uX.® the syntactic restriction that any occurrences
of X in ® must occur within the scope of an even number of negations.

The semantics of p-formulas is now given in Table 1. It is defined with respect to a
labelled transition system 7 = (S, X, —), and a valuation V mapping variables to subsets
of S, where V[ X — S] is the valuation obtained from V by updating the binding of X to
S.

[tt = S
[X]) =« V(X)
HﬁQ :ﬁf‘s\ﬂ®}5

[T} V[T
= {5€8|35€S. 555 and s € [®]]}
=« N{SCS| [[(I)]];,/—[XHS] cS}

|
e

A B B I e B |

Table 1: The semantics of u-formulas.

The syntactic restriction imposed on the body of fixpoint operators ensures that the
function which assigns [[@]]g[ xisg] t0 a subset 5 is monotone. Hence, according to the
Tarski-Knaster theorem [Tarb5], it has a least fixpoint which gives the semantics of uX.®.

Intuitively, the semantics express that all states satisfy tt, s satisfies X if s is an element
of the set bound to X in the current valuation, s satisfies =@ if it does not satisfy ®, and s
satisfies @1 V @, if it satisfies ®; or ®5. The modal operator (a) then admits to specify the
existence of transitions, as s satisfies (a)® if there exists s’ reachable via an a-transition
from s, and satisfying ®. Finally, the fixpoint operator p allows to specify some infinite
behaviour, since ;X.® denotes the least fixpoint of the functional ® with input parameter
X over the powerset of S.

We prove now the undecidability of the model checking problem for BQP and the modal
p-calculus by means of a reduction from the halting problem of two-counter machines.



A two-counter machine M has a set of states { qo,...,qns1}, two counters { ¢y, ¢y}
and a set of transition rules { dg,...,d, }. A transition rule d; describes the action to be
taken when the machine is in state g, and is either of the form

(I)  qr:ci:=ci+1; goto g
or of the form
(IT) g : if ¢; = 0 then goto ¢, else {¢; :=¢; — 1; goto ¢, }

A configuration of M is a tuple (g, n1,n2) where ny,ny are integers representing the
contents of the counters ¢, co. In particular, the initial configuration is (go,0,0). A com-
putation of M is then a sequence of configurations beginning with the initial one and
proceeding by applying succesively the transition rules to the current configuration. Ob-
serve that computations of two-counter machines are always deterministic, as each state
has at most one transition rule. A machine M halts if its computation is finite, i.e. reaches
the state ¢,.1. Minsky has shown that two-counter machines are Turing equivalent, and
consequently have an undecidable halting problem [Min67].

Theorem 5.1 The model checking problem for the class of BQP processes and the modal
p-calculus s undecidable.

Proof: Given a two-counter machine M, we construct a BQP process BQP (M) as follows.

inc;

qx — qiC; if 0y, is of the form (I)
=g
k ! ) )
dect ' dec? if 0y, is of the form (II)
Q. — q1,,C; — €
halt
Qn+1 — €

C; e—Xﬁ.ci, C; Sgt C; } for 1 = 1,2

Notice that the BQP process constructed models the given two-counter machine only in a
weak sense: there exists an “honest” transition sequence beginning from ¢, that represents
the computation of M, but the remaining sequences are “dishonest”, as they may decrease
a counter by more than one, or may take the zero branch although the counter is not zero
at all.

Using the modal p-calculus it is, however, possible to specify a formula Halt expressing
that a transition sequence is finite, honest and ends with the halt action.

Shift(Z) = pY. (shift)Y v Z
Halt

pX. Vi o(ine) Shift(X)
1 o(zero;) (Shift(X) A —~Shift({ex;)tt))

? )

V
Vi »(dec;) Shift((dec?)Shift(X))

’

V(halt) tt



Since we have now
BQP(M) satisfies Halt iff M halts

this proves the undecidability of model checking the modal p-calculus for BQP. a

6 Conclusions and Further Work

In this paper we have introduced a new hierarchy of processes with a queue-like behaviour
which fits naturally into the taxonomy of process classes defined by rewrite systems. From
a practical point of view they extend the spectrum of formalisms for the description of
processes by emphasizing the model of a queue, which has to be simulated in other frame-
works.

While we have proved the (un)decidability of some reachability, bisimulation and model-
checking problems for queue processes these results can only be seen as a first step. Still
open interesting questions are the bisimulation problem for BQP, deciding finiteness ques-
tions wrt. bisimulation equivalence, as well as model checking weaker branching time logics,
and linear time logics, like e.g. LTL. Moreover, the exact relationship with the hierarchy
of sequential and parallel processes seems also to be of theoretical interest.
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Abstract

Starting from the 7-nets defined by Robin Milner, we present a graphical formal-
ism called faithful w-nets. The aim of these faithful m-nets is to describe graphically
the systems with a dynamical changing configurations. The m-nets|Mil94] give an
“approximate” representation for the m-calculus; the correspondence between the
m-nets and the m-calculus is not very accurate. The “faithful m-nets” correspond pre-
cisely to the m-calculus constructions. Moreover, they are simple and intuitive. The
paper gives two “fully abstract” translations draw and write from the w-calculus
to the faithful w-nets, and back. The congruence used for these full-abstraction re-
sults is the barbed bisimulation. Operational correspondence results are given for
both translation. For every m-net G without isolated nodes, and for every w-term P
we have draw(write (G)) = G and write(draw (P)) = P. The paper describes
also a simple graphical encoding for lazy A-calculus by faithful w-nets, avoiding the
Honda-Tokoro[HT91] and Boudol[Bou92] transformations - which could lead also to
graphical encodings of the lazy A-calculus.

1 Introduction

This paper presents the faithful m-nets, a graphical formalism which is equivalent to the -
calculus, and which provides a good and simple graphical representation of the m-calculus.
There are some other attempts to give a graphical representation for the w-calculus: 7-
nets [Mil94], interaction diagrams[Par93], Yoshida’s “graph notation” [Yos94|, and graph
rewriting systems [MP95]. Parrow introduced the interaction diagrams to describe graph-
ically the constructions of the m-calculus. Intuitively, these diagrams correspond closely
to the m-calculus terms; however, as far as the authors of this paper know, there are no
results expressing precisely the relationship between interaction diagrams and m-calculus.
On the other hand, our faithful 7-nets look simpler than the interaction diagrams. Yoshida



gave a very accurate encoding of the m-calculus syntactical terms, correct in all details; her
encoding is given in terms of the concurrent combinators of the m-calculus, and in this way
it doesn’t hold, or at least it is not clear if it holds a ”faithfulness” property. In [MP95] the
authors give an operational semantics for the m-calculus mapping its language into a graph
rewriting system. The graph rewriting systems describe the evolution of the w-terms, and
there is no translation (mapping) from graphs to m-terms.

The root of our approach is defined by the 7-nets introduced by Robin Milner in [Mil94]
as a graphical action calculus [Mil93a]. The notion of action calculus was introduced in
an attempt to bring some uniformity into the study of behavioural calculi such as the \-
calculus, the m-calculus, Petri nets, ... The actions of an action calculus can be drawn as a
special kind of graphs. Thus reductions in the A-calculus, and the 7-calculus reactions are
in fact special cases of graph reductions over these graphs (and this is a starting key point
of our approach). The 7-nets are not presented as a graphical version of the m-calculus, but
as an action calculus corresponding to the m-calculus. The paper [Mil94] described in an
informal way how the m-calculus is embedded into a formalism defined by the 7-nets. An
accurate and direct mapping from a 7-term to a m-net is somehow difficult, and a reason
is that actually the 7-nets are actions. In this way each 7-net a has an arity (a : m — n),
a fact which has no correspondence in the m-calculus. The 7m-terms are analogous to the
m-nets with arity 0 — 0. The 7-nets are more interesting if they are considered from the
viewpoint of the action calculus, and perhaps they are more general than the m-calculus,
mainly because of their algebraic structure. However it is important to note that the
graphical presentation of the 7-calculus does not use the algebraic structure of the m-nets
too much; only 7-nets of arity 0 — 0 are used. Starting from this remark we study the
subset of the 7-nets of arity 0 — 0 as an independent formalism, and we give a rather
simple graphical representation for the m-calculus.

In this paper we show that the faithful m-nets and the w-calculus have the same expressive
power, and we define two “fully abstract” translations - from =-calculus to faithful -
nets, and back. These encodings are “fully abstract” when two source calculus terms are
equivalent if and only if their translations are equivalent. The congruence used for these
two full-abstraction results is the barbed bisimulation, which can be defined uniformly in
both calculi - and in many other process calculi as well. In order to show how these results
are actually related to the operational semantics, a connection between reductions over
terms and reductions over their encodings is given by two results revealing the operational
correspondence for both translations.

The paper is organized as follows. Section 2 reviews the basic definitions of 7-calculus.
The graphical formalism given by the faithful m-nets is presented in Section 3. Section
4 shows that the formalisms represented by the m-calculus and the faithful 7-nets are
equivalent; some examples describe how the faithful 7-nets work. Section 5 gives a graphical
encoding of the lazy A-calculus by the faithful 7w-nets. The concluding section briefly
presents some remarks and a possible direction for future work.

The paper is self-contained; however, knowledge of the m-calculus, the m-nets, the action
structures and action calculi should help the understanding.



2 m-calculus

First we introduce the formal 7-calculus framework. We consider the monadic m-calculus
without output guards [Mil91]. It is known that monadic m-calculus with only input
guards has the full power of polyadic m-calculus; therefore this restriction doesn’t affect
the expressiveness, because the output guarding can be defined in terms of input guarding
[HT91, Bou92]. Therefore we don’t use the output guards Z(z).P, but only the output
messages T(z) to denote the emission of a name z along a channel z. (In this way we
have an asynchronous version of the m-calculus.) Let N be a countable set of names. The
elements of N are denoted by x,y.... The terms of this formalism are called processes.
The set of processes is denoted by P, and processes are denoted by P,Q, R... .

Definition 1 The processes are defined over the set N of names by the following syntac-
tical rules:

Pu=0 | ) | 2@).P | ky).P | )P | (P|Q) (1)

The prefix z(y) binds the name y, and (vz) binds the name x. We denote by fn(P)
the set of the names with free occurrences in P. We denote by P{v/u} the result of
simultaneous substitution in P of all free occurrences of the name u by the name v, using
the a-conversion wherever necessary to avoid the name capture. An input guard x(y).P
denotes the reception of an arbitrary name z along channel z, and afterwards behaving
as P{z/y}. A replicated input guard \z(y).P denotes a process that allows to generate
arbitrary instances of the form P{z/y} in parallel by repeatedly receiving names z along
channel z. The informal meaning of restriction (vx)P and parallel composition P | @ is
as usual.

Over the set of processes it is defined a structural congruence relation; this relation defines
a syntactical equivalence over processes, providing somehow a non-explicit semantics of
some formal constructions. Milner imposed this structural congruence upon the m-calculus
as part of the formal language, and not as part of its semantics|Mil92].

Definition 2 The relation =C P x P is called structural congruence, and it is defined as
the smallest congruence over processes which satisfies the following requirements:

1. P=Q, if P is a-convertible to Q;
2.Pl0=P, P|Q=Q|P, (P|Q)|R=P|(Q]|R);

3. (vx)0=0, (vx)(vy)P = (vy)(vz)P, and
(vz)(P | Q)= (ve)P | Q, ifz ¢ fn(Q).

The structural congruence deals with the aspects related to the structure of the processes,
not to their mobility. In this way the structural aspects will not appear in the rules of the
reaction relation which deals mainly with mobility and interaction.



Definition 3 The reaction relation over processes is defined as the smallest relation —C
P x P satisfying the following rules:

(COM)  =(z) | z(y).P — P{z/y}
(REP) 7(z) |'z(y).P — P{z/y} |'\z(y).P
pP— P pP— P
PlQ—-P|Q (RES) (vz)P — (vz)P'
P=P P5Q Q=Q
P—qQ

(PAR)

(STRUCT)

3 The faithful m-nets

We define the faithful 7m-nets as a process algebra, by considering some ground faithful
m-nets, and then composing them by some operators. The ground graphical represen-
tations and the constructors (operators) of the faithful m-net algebra correspond to the
syntactic constructors of the m-calculus. We use similar notations. As a consequence, we
obtain a "textual” representation for our graphical constructions. This one-dimensional
syntactical representation provides an easier formal way of expressing the properties of the
two-dimensional graphical formalism. However we have in mind, and essentially we discuss
about the graphical representations.

Roughly speaking, a faithful 7-net is a tree with graphs as nodes, together with an injective
map which assigns labels to the nodes of these graphs. Formally, let X be the set of names
from m-calculus, and let # be an extra special symbol. We denote by z,y, ... the elements
of X, and by u, v, ... the elements of X U{#}. Therefore a label of a node could be a name
or #; the meaning of # is that it doesn’t matter what is the label of the corresponding
node - and this is the reason why we don’t give it a proper label.

We denote by G, H, ... the m-nets, and by 1(G) the set of labels of a m-net G. The formal
definitions for faithful 7-nets, labels, as well as the representation of nets as expressions
are given in the following definition.

Definition 4 The set 11 of the faithful m-nets is defined inductively by:

e [atomic] 0, € II, with 1(0,) = {u} \ {#}, is the w-net with a single node which is
labelled by a name u;

o [message] <— xy € 11, with [(«— xy) = {x,y}, is the m-net

—0

T )

This m-net corresponds to the output T(z).



e [bozing] If a € 11, then
— 1) z.y[G] € I, with [(x.y[G]) = {z} U (I(G) \ {y}), is the m-net

»

This m-net corresponds to the input guard z(y).P.

— 1) x:y|G] € I, with l(x : y|G]) = {2} U (I(G) \ {y}), is the m-net

This m-net corresponds to the replicated input
guard x(y).P.

The arrows of the last two m-nets come into the node of G' which is labelled by y, and
we replace the label y by # . This means that we prefer to keep this node unlabelled,
and we understand from now on that # is assigned to each unlabelled node of G.
When we overlap a node labelled by x and a node labelled by #, the resulting node
18 labelled by x. On the other hand, every properly labelled node which is inside of a
box is "exported” outside the box, and it is linked to the box by a pseudo-arrow, called
T

x
becomes -t

connection, in this way:

Connection is a construction of our formal approach.

o [juztaposition] G H € 11, with (G® H) = [(G)UI(H), is the faithful m-net obtained
by fitting G and H, namely identifying the nodes of G with the nodes of H having
the same proper label;

o [relabelling] Glu/x] € I, with [(G[u/z]) = ([(G)\{z})U({u}\{#}), is the faithful 7-
net obtained from G by substitution of the label x by the label u, eventually identifying
the nodes with the same name label.

Example 1 The w-net described by G =« zx @ z.y[< 1y® < yZ2|

1s represented by
Tt EEEEE °
o= | )




Definition 5 A node which is the source or the target of a proper arrow (no connection)
15 called non-isolated, or non-singular. The nodes linked by a connection to a non-singular
node are also non-singular. The other nodes are called isolated, or singular.

We define a reduction relation over these graphical constructions by using their textual
representations.

Definition 6 The reduction relation is the smallest relation over 11 generated by the fol-
lowing rules:

(com) < xz® x.y[G] = G[z/y],

(rep) < wz@:y[G] = Glz/y] @ = : y[G],

(par) ifG—G thenG® H—G' ® H,

(res) if G — G' then G[#/z] — G'[#/z].

Remark 1

e i) The rule (com) corresponds to the rule (COM) of definition 3,
and the rule (rep) corresponds to the rule (REP) of definition 3.

(&)

e ii) We may skip the rule (rep) if we introduce an equivalence relation = over the
faithful w-nets which is compatible with the rules for ® and [#/x] such that
u:z[G 2 us|GRu: x[G]] .

We remove the isolated nodes of a m-net by using a deleting rule similar to the cooling rule
of CHAM [BB92|. Thus we have the following definitions:

Definition 7 The relation — s the smallest relation over the m-nets satisfying the rule:

0.,8G = G if udlG).

Definition 8 —=(—)"

We can give now more details on the graphical representations for the rules which define
the reduction relation. For instance, the rule (com) makes known that after a reduction
two arrows are deleted and two nodes (the source of the first arrow, and the target of the
second one) are treated as identical. If the linking middle node = becomes isolated, then
it is deleted by —. The box is deleted, the source and target nodes of the connections
corresponding to this box are overlapping, and we suggest this by using a dash box. These
dash boxes are not constructions of the formalism we are defining.
The rules (com) and (rep) can be represented by the following reaction relation over the
faithful m-nets:
(com) <+ zz® x.y|G] = Glz/y],

describes T(2) | z(y).P — P{z/y}, and
(rep) < xz@u:y[G] = Glz/y] @ = : y[G],

describes T(z) |'z(y).P — P{z/y} |'z(y).P



————————

o ———o—H—0 Z. 1
G - G
z T xr o=
0 O e —G—e ° !
G - G

Example 1.(continuation) Using these rules over the faithful 7-nets, the 7-net described

by the Frample 1. can be reduced to
2 z

4 The m-calculus and the faithful T-nets are equivalent
Let Py, Py be two process calculi, and ~q, ~5 two corresponding equivalences over them.

Definition 9 i) Py is more expressive than Py if there is a full abstract translation T :
P1 — Pa, i.e. for every P,Q € Py,

P~y @ f  T(P)~T(Q)

ii) P1 and Py have the same expressive power if Py is more expressive than Py and Py is
more expressive than Po.

Following Park and Milner, the most studied forms of behavioural equivalence in process
algebras are based on the notion of bisimulation. The standard definition of bisimulation
(i.e., the one for CCS and related calculi), as well as higher-order bisimulation are in general
unsatisfactory (particularly in higher-order calculi) because over-discriminating. We use
in this paper the Milner&Sangiorgi’s barbed bisimulation. One of its advantage is that
it can be defined uniformly in different calculi (including higher-order ones). Previous
experimentations with CCS and m-calculus have shown that its congruence, called barbed
congruence, yields a desired discriminanting power. It was proved that barbed congruence
also gives a natural bisimilarity congruence in higher-order calculi.

In order to prove that m-calculus and faithful w-nets have the same expressive power, we
use the observational congruence as the equivalences ~7, ~g of the previous definition.
The observational congruence is based on “barbed bisimulation”, a bisimulation which can
be defined uniformly in many process calculi including those we consider in this paper.
Moreover, we don’t use a labelled transition system; we focus on a reduction relation, and
we use some observation predicates (which can be easily defined for our 7-nets).



Definition 10
i) We consider the following predicates over processes:
P |,=true if y if there is a prefiz y(x) or Yo which is not underneath another prefiz and
not in the scope of a restriction (vy);
ii) We consider the following predicates over m-nets:
G ly= true if y is the label of a non-isolated node.

Each predicate |, = true detect the possibility of performing an interaction with the envi-
ronment along y.

Definition 11 Strong barbed bisimulation, written ~', is defined over the processes of -
calculus, as well as over the w-nets, as the largest symmetrical relation such that T ~' S
implies:

i) whenever T — T' then there exists S" s.t. S — S" and T' ~' S';

ii) for each u, if T |, then S |,.

Definition 12 Two terms T and S are strong barbed congruent, and we write T' ~ S,
if for each (textual) context C[-|, it holds that C[T]| ~ CIS].

Some useful remarks on barbed congruences can be found in [San93]. Davide Sangiorgi
describes an encoding of the term-passing m-calculus into the ordinary m-calculus in this
nice paper.

4.1 From m-calculus to faithful mnets

We start to show that the m-calculus and the faithful 7m-nets have the same expressive
power by describing how the processes of the 7-calculus are translated into faithful m-nets.

Definition 13 The graphical representation of the w-calculus by the faithful m-nets is given
by the function
draw : P/ = - II
which is defined by:
e draw(0) =
(z>) =+ 12

e draw

e draw(z(y).P) = z.y[draw(P) ® 0,]

(
(T
(
(
(
(

[ )
Q.
(=
V]

w(lz(y).P) = x : y[draw(P) ® 0,]

w((vz)P) =(draw(P) ® 0,)[#/]
e draw(P | Q) =draw(P)®draw(Q)

[
[oh
-
oV}

Regarding to this translation we have the following results:



Lemma 1 fn(P)=I[(draw(P)).

Lemma 2 draw is well-defined, i.e. it doesn’t depend on the choice of a process (the
representative) of an equivalence class of processes:
P=@Q implies draw(P)= draw(Q).

The following result shows that if two processes have the same behaviour (are strong barbed
congruent), then their corresponding m-nets have the same behaviour (are strong barbed
congruent).

Proposition 1 ( (full abstraction for draw))
P~Q iff draw(P) ~ draw(Q)

Following a remark of Davide Sangiorgi [San93], nothing prevents us from obtaining the
same result with a very bizarre encoding. This means that we should reveal the operational
correspondence existing between P and draw(P). The next result shows this correspon-
dence, and that the translation by draw is really interesting and faithful.

Proposition 2 ( (operational correspondence for draw))
e If P — P' then draw(P) —»— draw(P’);

e [fdraw(P) —— G /4, then there exist P' such that
P — P' and G = draw(P’)

4.2 From faithful m-nets to m-calculus

The converse of the previous translation is given by an algorithm.

Let G be a m-net. We assign new symbolic labels to all unlabelled nodes (in fact these
nodes are labelled by #) by the following procedure - where we take in consideration the
order of its steps:

e First, we assign labels (z;), i >0

— to those nodes which are connected, but they are not the targets of any arrow
(“external” nodes),

— to those nodes which are the targets of — arrows (i.e arrows obtained by
applying the "boxing” rules of the definition 4),

— to every (connected) node which is still unlabelled, applying the rule that two
connected nodes receive the same label,

e Second, we assign labels (y;), j > 0 to the other nodes which are still unlabelled.



When we apply the algorithm, these symbolic labels are working effectively only for those
subnets of G which are still valid 7-nets.

function write(var G : 7-net) : 7-term

1. write =0
2. while (there is at least a box in G) do

e select a box which is not included into another box; let H be this box, and let
y — x its corresponding arrow (see the [boxing] rules of the definition 4);

e write = (write | (!)y(x).write(H));
e delete the chosen box;

3. while (there is at least an arrow in G) do
e select an arrow (x — y );
e write = (write | 7x);
e delete the chosen arrow;

4. write = (v¥)(vy) write.

where 7 refers to a label = of some “external” nodes of G, and y refers to a label y which
is one of the symbolic labels (y;) of the previous procedure.

Regarding to this translation from our faithful m-nets to the 7-calculus processes, we have
the following results:

Lemma 3 If G has no isolated nodes, then [(G) = fn(write(G)).

This algorithm selects a box, and then selects an arrow. It is clear that we might obtain
different encodings for the same faithful m-net. Fortunately we have the following result:

Lemma 4 If P and @) are two different m-terms obtained by applying the algorithm write
over a m-net G, then P = Q).

Proposition 3 ( (full abstraction for write))
G~H iff write(G) ~ write(H)
Proposition 4 ( (operational correspondence for write))
e [fG — G then write(G) — write(G');
e [f write(G) — P then there exist G' such that G — G' and P = write(G’).
Moreover,

Proposition 5 For every m-net G without isolated nodes, and for every w-term P we have
the following results:

e draw (write (G))

G,
e write(draw (P)) =P



4.3 Examples (of how the faithful m-nets work).

We give here some examples which show the dynamics of the faithful 7w-nets, the way how
the reductions work over the graphical representations of the 7-terms.

Example 2 We consider the following w-term:
P = (vz)(z(y) y(z).0 | (vw)(@(w).0 | (wt)(tu(r).t(r)))) (2)

The corresponding m-net Gy =draw(P), and its reactions (Gy — G1 — Go /) are de-
scribed by

U
e ol ------ °
Gy
0 z
o< @<------ °
U
[ ’e @< ----- °
Gli [
z
n
. >0 *
Gy :
z :
o——0

Example 3 We consider now the process

P = (vi)(@(y) [z (u).(u(t) | t(s)-(vr)5(r)))
Applying the reaction relation P — P', we obtain the following process P’
P = (vt)(lw(u).@(t) | t(s).(vr)s(r)) | @{E) | £(s)-(vr)5(r))

)
The similar reaction for the faithful w-nets is given by Gy = draw(P) — G; = draw(P’),
where




Example 4 This example shows how the reactions over the faithful m-nets are similar to
those over the processes of the w-calculus. We consider the process

P = (z(v) [ 7(2) ['y(2).((vt) e (u) ult)))
Starting from the faithful w-net Gy which corresponds to the process P, two reactions (Gy —
G1 — G2) are described by the following picture

S — vy L —
o | Ls=:
U [ ]
oz
Y W,E\GQ' 'T_:—°\
G, - vz =
L —1 |

5 A graphical presentation of the \-calculus by the
faithful m-nets

The paper [Mil92] is an important paper on mobile processes, and it is invaluable for a
good exposition of what is going on in the interaction between mobile processes, and also
for studying how one may go from concurrent processes to functions. A deep investigation
into Robin Milner’s encoding of lambda-calculus introduced in [Mil92] is given by Davide
Sangiorgi in [San94].

There are at least two reasons why the translation of the A-calculus into various formal
models for concurrency and interaction is interesting: first reason is concerning the expres-
sive power of the model, and the second is related to the new properties of the A-calculus
which could be obtained as a consequence of such a translation into a more general context
(from the point of view of concurrency and interaction) - see [Mil92, San92]. We present
now a translation which embeds the A-calculus into a graphical concurrent context.

A graphical translation could be done by starting from the translation of the lazy A-
calculus into 7-calculus described by Robin Milner in [Mil92], and using then the translation
described by Honda and Tokoro in [HT91]. In this way the A-terms are translated into
m-terms, and these m-terms are translated by the Honda-Tokoro construction into m-terms
without output guards which have a graphical representation by 7-nets. We present a
rather simple and direct translation using the faithful m-nets. For this encoding we takes
into consideration the translation of the lazy A-calculus into the w-calculus, but we avoid
the Honda-TokoroHT91] and Boudol[Bou92| transformations which could lead also to
graphical encodings.



5.1 Lazy A-calculus

We recall the basic notions of the lazy version of A-calculus, according to [Abr89]. We
consider a set V of variables, and we denote its elements by x, vy, .. ..

Definition 14 The A-terms are defined over the set V of variables by the following syn-
tactical rules:

ax=x | Ar.a | ab

Considering the A-term Ax.a, every occurrence of x into a is bound. The A-terms are
denoted by a,b,..., and the set of the A-terms is denoted by L.

Definition 15 The reaction relation over \-terms is defined as the smallest relation —C
L x L satisfying the following rules:

(3) (Az.a)b — a{b/x}
a—a

I L
(appl) ab — a'b

This relation defines the so called ”lazy” version of the A-calculus. a-conversion is allowed.
a{b/z} represents the A-term a in which the free occurrences of z are substituted by b
(avoiding the name capture).

5.2 Translation

We consider V C N, denoting by z,, ... the elements of V, and by u, v, ... the elements
of N\ V. The faithful 7-net which corresponds to the A-term a is denoted by , ,(a).

Definition 16 The translation of the lazy A-calculus into the faithful m-nets is defined
inductively by
, u(T) = zu
, w(Ar.a) = u.x[(+ xs)[#/s] @ u.v[, ,(a)]]
; w(ab) = (, »(a)®
(« vz®
(x.r[+ aul®
a.tl<— vt @ x : wl, ,(b)]]
)[#/al
)[#/x]
)[#/v]

The following result shows the correctness of this translation.

Proposition 6 Let a be a closed \-term (i.e. without free variables). Then we have one
of the following two situations:



e a— (Ny.d){bi/x1,...,by/xn}, and

cula) = (o (G u(d) @2y s w], w(b)]® ...
@y s wl, w(bn)])[#/2n]) ) [F# 2] A

e both a and , ,(a) diverge (they are divergent).

Proof: 1 We use the fact that the translation from faithful m-nets to the m-calculus pro-
cesses given by write is sound (proposition 21). The proof is quite similar to the proof
given in [Mil92] for the translation of the lazy \-calculus into w-calculus.

6 Conclusion

This paper provides a faithful graphical representation of the 7-calculus, given by so called
faithful m-nets. We show that the faithful 7-nets and the m-calculus have the same expres-
sive power, and we define two “fully abstract” translations - from m-calculus to faithful
m-nets, and back. These encodings are “fully abstract” when two source calculus terms
are equivalent if and only if their translations are equivalent. In order to show how these
results are actually related to the operational semantics, a connection between reductions
over terms and reductions over their encodings is given by the operational correspondence
results for both translations.

We are thinking to extend the study on these faithful m-nets. One direction is to avoid
the pseudo-arrows - called connections - by an inheritance mechanism. This step leads
to a new calculus for concurrent objects which is somehow close to the ideas reflected by
the attempts given by America, Honda, and Vasconcelos on object-oriented concurrent
languages [Ame89, HT91, Vas94]|. An encoding of a concurrent, object-based language into
the m-calculus is given in [Wal95].
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Abstract

A category of (action labelled) trees is defined that can be used to model unfolding of
labelled transition systems and to study behavioural relations over them. In this paper we study
five different equivalences based on bisimulation for our model. One, that we called resource
bisimulation, amounts essentially to three isomorphism. Another, its weak counterpart, permits
abstracting from silent actions while preserving the tree structure. The other three are the well
known strong, branching and weak bisimulation equivalence. For all bisimulations, but weak,
canonical representatives are constructed and it is shown that they can be obtained via enriched
functors over our categories of trees, with and without silent actions. Weak equivalence is more
problematic; a canonical minimal representative for it cannot be defined by quotienting our
trees. The common framework helps in understanding the relationships between the various
equivalences and the results provide support to the claim that branching bisimulation is the
natural generalization of strong bisimulation to systems with silent moves and that resource
and weak resource have an interest of their own.

1 Introduction

Behavioural equivalences play an important role in the description of the operational semantics of
concurrent systems. These equivalences are used to abstract from the irrelevant details introduced
when describing systems as sets of states that evolve by performing actions, i.e. by means of labelled
transition systems. There are various opinions about which features of a system are relevant for a
given purpose, and hence various notions of equivalence for labelled transition systems have been
proposed; [3] and [8, 9] give a comparative accounts.

Many of the equivalences proposed in the literature are based on the notion of bisimulation
[15] which gives rise to strong bisimulation equivalence. Two of the most popular generalizations
of this equivalence to systems with silent moves are branching [10] and weak bisimulation [14].
Both of these equivalences ignore 7 (internal or silent) actions, but they deal differently with
intermediate states accessed by 7 transitions and lead to different identifications, putting a different
stress on the branching structure of processes. While strong bisimulation is generally regarded as
the equivalence which provides the minimum abstraction from the details of behaviour for 7—
free transitions systems, there is little agreement about the comparative merits of the weak and
branching generalizations of strong equivalence to systems with 7 actions.

In our view, category theory and their abstract constructions can be a useful tool for under-
standing and assessing the relative merits of different concepts. Here, we consider those categories
of trees that have been used to model concurrent systems [12] and nondeterministic regular expres-
sions [6, 2]. Our aim is that of reconducting the different bisimulations to a common framework
where it is easier to understand their relationships.

We shall study five different bisimulation-based equivalences for our trees. The more concrete
one, that we called resource bisimulation [6], corresponds to tree isomorphism; it is finer than
strong bisimulation in that it discriminates also according to the number of computations that can
be performed to reach specific states. It will be our touchstone and will guide toward defining



and assessing the other equivalences. Indeed, the second one is its weak counterpart that permits
abstracting from silent action while preserving the tree structure. The other three equivalences
are the well known strong, branching and weak bisimulation equivalence [15, 10, 14]. We shall
see that branching bisimulation can be obtained by mirroring the construction for weak resource
bisimulation while replacing isomorphism requirements with requirements of strong bisimilarity. For
resource, strong, weak resource and branching bisimulation equivalence we shall define standard
representatives of their equivalence classes. These constructions are then vindicated by the enriched
categorical account that we provide in the final part of the paper. We argue that similar results
cannot be obtained for weak bisimulation equivalence.

We start from a basic category of trees labelled over an actions monoid, Tree, and construct
a category Der with the same objects and where the maps are paths to derivatives (so a map
f :t —t' tells us how to find a copy of ¢’ in t). Invisible actions (7s) are introduced by admitting
them as labels; this generalizes Tree to Tree, and Der to Der;. To relate the two categories a
functor del: Tree, — Tree is defined which deletes T—labelled branches.

We show that resource equivalence does not introduce any quotienting on Der and corresponds
to the identity functor. After that, we introduce Fg : Der — Der which functorially maps a tree
to the canonical representative of its strong bisimulation equivalence class. Finally, we define Fyyr
and Fp : Der, — Der; which functorially maps a tree to the canonical representative of its weak
resource and branching bisimulation equivalence class.

In our view, these results strengthen the claim that branching bisimulation is the natural gen-
eralization of strong bisimulation to systems with silent moves and that a suitable notion of tree is
fundamental in dealing with bisimulations.

2 Trees and Transitions Systems

We begin by introducing the basic concepts of labelled transition systems, their unfoldings, and
the five notions of bisimulation we will study. We then present trees as a structure of runs with
agreements and the relationship with unfoldings.

We begin with standard definitions about transition systems. We suppose that a set A of actions
is given, together with a distinguished action 7 ¢ A representing a silent move. Unless otherwise
stated, we confine attention to reachable transition systems with finite unfoldings.

Notation 2.1 We write A, for AU {7} and A* for the monoid of words on A with empty word e.
The variables a, b etc. will range over A, and u, v etc. over A.. Words will be w, v etc.

Definition 2.2 A (rooted) labelled transition system or LTS is a quadruple & = (S, E, —,s0)
where S is a set of states, ranged over by s, u etc.; F is a set of actions, E C A;; = CSxExS
is a relation, the transition relation; sy € S is a distinguished starting state.

Notation 2.3 We usually write s —— & rather than (s, y,s') € —, and if s, u, s’ and v’ are states
in S we write

(i) == for the reflexive and transitive closure of —;
(i) s == w if there exist s, v’ such that s = s — v/ == u;
iii) s - if there exists no s’ € S such that s - §;

Y

(iv) s —A if s 5 for all € A,.

We now introduce our five bisimulations, four of them are relatively well known, the other, weak
resource bisimulation, is new and has been defined in collaboration with Flavio Corradini.

Definition 2.4 Let S = (S, E, —, sg) be an LTS. A symmetric relation R C S x S is said to be



(i) a resource bisimulation if s R u, implies that there exists a bijection f between {s'|s = s’}
and {u'|u - u'} such that s' R f(s");

(ii) a strong bisimulation if s R v and s = s’ implies that v - v’ and s’ R u/;

(iii) a weak resource bisimulation if for all u € A, if s R u, then there exists a bijection f between
{s]s L &'} — {s']s' = s",s' R s"} and {v'|u == v'} — {v'|u' == u",u’ R u"} such that
s' R f(s);

(iv) a branching bisimulation if s R u and s £, " implies that either = 7 and s' R u. or
U == u; - us == u3 and s Ruq, s' Rus, s' R us.

(v) a weak bisimulation if s R u and s == s’ implies that u == v/ with s’ R u'.

Two states are said to be resource, strong, weakly resource, branching or weak bisimilar if there
exists an eponymous bisimulation relating them. We write =g, ~g, ®wr, ®p, and =y for resource,
strong, weak resource, branching, and weak bisimulation equivalence, respectively.

It is not difficult to see that, in presence of 7-actions, the last three relations are increasingly
coarser. When all actions are visible, we have instead that resource and weak resource on one hand,
and strong, branching and weak bisimulation, on the other, do collapse.

We now introduce a category of labelled trees, Tree and some of its properties. A single tree
will be modelled by specifying what runs it has, what computations are performed along each run
(its extent), and to what extent those computations agree (the agreement). Thus the tree

&

will be modelled by runs, = and y, labelled with ab and ac respectively, and by stating that z and
y do not agree at all. In contrast, the tree

will be modelled by giving two runs,  and y, again labelled with ab and ac, but with agreement
between z and y being the initial a.

Definition 2.5 Let A = (A*, <, A, €) be the meet semilattice where < is the prefix order of words;
A is the largest common prefix operation on words; and € is the minimum.

Definition 2.6 A tree X = (X, &, ) comprises:
e aset X of runs;
e amap e: X — A* the extent map, giving the computation e(x) along a run z;

e amap a: X X X — A* establishing the agreement between pairs of computations.



Additionally, we require that for all z,y,z € X

a(e,x) =e(x)  alz,y) <e(@)Ae(y)  alz,y) Aaly,z) <alz,z)  alz,y) = aly,z)

These amount to requiring that a run agrees with itself along all its length; the agreement between
two runs is not bigger than their largest common prefix (runs are forced to agree on a common
initial segment and they cannot join up again once split); the common agreement between z, y and
z is not bigger than that between x and z; agreement is symmetrical.

We will write X, Y, etc. for typical trees with components X = (X,¢e,a), Y = (Y,(,5). We
shall use w’ — w to denote the word obtained from w’ by deleting the prefix w from w’.

Example 2.7 The two trees illustrated above are specified by (X,e,«) where X = {z,y}, and
e(x) = ab, e(y) = ac, ofz,y) = ¢ and (V,¢,F) where ¥ = {z,y}, and ((z) = ab, {(y) =
ac, B(x,y) = a, respectively.

We can observe that A-labelled trees are symmetric A-categories, when A is thought of as a
posetal 2-category [16]. Therefore the appropriate notion of comparison for trees is that of A-
functor, i.e.:

Definition 2.8 A tree morphism f: X — Y isamap f: X — Y satisfying

(i) f does not change extent: ((f(z)) = e(z);
(ii) f increases agreement: ((f(z), f(y)) > a(z,y).

Tree will be the category of finite A-labelled trees. For A,-labelled trees, we use the semi-
lattice A, = (AL, <, A, €) exactly as before, and hence obtain the category Tree, with extent and
agreement maps valued in A..

Definition 2.9 Given two trees, X and ), we can form the sequential composition of X and ),
X®Y=(Z,n,y) as follows:

(i) Z=XxY (arunin X ® Y is a run in X followed by a run in Y);

(ii) n(z,y) = e(z).((y), where . is concatenation of strings (so the label of a run in X ® ) is the
label in X followed by the label in ));

(iii) y((z,y), (', y")) is ez, z') if £ # 2’ and e(z)B(y,y’) otherwise (so runs that are different in X
have their X agreement, while runs that differ only in ) have their X agreement concatenated
with their ) agreement).

Proposition 2.10 Sequential composition defines the object part of an associative tensor product
on Tree with unit 1 = ({e},e(e) = ¢, (e, 8) = €). Tree has an initial object given by the empty
tree, 0 = (0,0, (), and finite coproducts given by joining two trees at the root.

Intuitively, it is clear that the trees introduced in the last sections can be used to represent the
unfoldings of finite transition systems. Here, we formally establish the correspondence and use it
to motivate our equivalences and lift the bisimulations to trees.

Definition 2.11 Let X = (X, e, ) be a tree. A prefiz of a run in X is a pair (z,w) consisting of
arun z € X and a word w € A* with w < e(x).

A path in X is an equivalence class [z, w] of prefixes quotiented by
(z,w) = (y,v) i w=v < afzy);

The derivative reached along z after w, for a path [z,w] in X, is the tree (Y,(, ) where Y =
{'| 2 € X,a(x,2") > w}; {(2') =e(z") —w; B(2',2") = a(s,2") — w.



The figure below illustrates the terminology. X
X[z, w) Y

w
Y

r Yy
We will write paths(X’) for the paths of a tree X and X' [z,w) ) if Y is the derivative reached
along z after w in X We will write X' [z,v) for the unique tree ) such that X [z,v) ).
Notice that in the definition above, we did not mention nodes explicitly: they are in an obvious
bijective correspondence with paths. Sometimes, we will refer to paths as nodes.
Given a transition system S with a finite unfolding, we now construct a tree unf(S) representing

that unfolding.

Definition 2.12 The unfolding unf(S) = (runs(S), s, as) of a transition system
S =(S,E,—,sp) is a tree given by

(i) runs(S) = {sou1s1p2 - - - tinSn | So N L= N, —-

(ii) es(sop181 -+ pnSn) = 1 - - - ki

(iil) as(Sop181 - - - fnSny SOVLIUL - - - Uml) = pi1 - . . iy Where for all k <[, v, = pg and s = ug, and
Hi+1 # Vj41 Or Sj41 # Ul41-

It is not difficult to see that, if we use unfold(S) to indicate the standard unfolding of a transition
system S and use tran(X) to refer to the transition system associated to a tree X’ defined as follows:
tran(X) = (paths(X),im(e), —, [z, €]) where im(e) = {p|pappears somewhere in (z),z € X'}
and [z, w] -5 [y, v] iff (y,v) € &, wp], then we have: unfold(S) = tran(unf(S)).

3 Bisimulation for Trees

We shall work directly on trees and provide a concrete definition of resource and strong equivalence
directly over them. We will also consider weak resource equivalence, branching and weak equiva-
lence. We will however prove that our definitions are in full agreement with the corresponding ones
introduced in the previous section for labelled transition systems.

Definition 3.1 Two trees, X and ), are resource bisimilar, written X ~p ) iff there exists a
bijective function f : X — Y such that ¢(z) = {(f(z)) and Vw < e(z), with w # ¢, X [z,w) =g
YIf(z),w).

Proposition 3.2 Two (finite) trees are resource bisimilar if and only if they are isomorphic.

Proposition 3.3 Two transition systems with finite unfoldings are resource bisimilar, S ~p &',
iff there is a resource bisimulation between their unfoldings as trees, i.e. iff unf(S) ~g unf(S’).

Definition 3.4 Two trees, X and ), are strongly bisimilar, written X ~g Y iff
i.Vee XAy eY: e(z) =((y) and for all w < e(z), with w # €, X [z,w) =g Y]y, w).
ii. Vy e Y dz € X: e(z) = ((y) and for all w < {(y), with w # €, Y[y, w) ~g X|[z,w).

Proposition 3.5 Two transition systems with finite unfoldings are strongly bisimilar, S ~g &', iff
there is a strong bisimulation between their unfoldings as trees, i.e. iff unf(S) ~g unf(S’).



We introduce a function, del, which deletes 7s, and transforms a tree with 7 moves in Tree.
into a tree in Tree obtained by ignoring all 7 moves. Below, we overload notation, and call del the
obvious deletion on words, del(e) = € and del(pw) as pdel(w) if p # 7 and del(w) otherwise.

Definition 3.6 Function del : Tree;, — Tree is defined as del(X, e, ) = (Y,(,3) where Y = X;
((2) = del(=(x)); Blz,y) = del(a(z,y).

It can be immediately seen that del extends to functor del : Tree, — Tree; indeed morphisms
from X to Y induce morphisms from del(X) to del()). Please notice that images of glued runs in
del(X) are glued in del()).

Once we ignore 7s, a derivative is not uniquely determined by its access path any longer. To
see this, examine Figure 1: the same run, z, leads to both the derivative ¢ + 7¢' and ¢’ along del(w)
or del(wt). Thus, in general, (z, del(w)) specifies the path to a set of derivatives.

Figure 1: Derivatives accessed along [z, del(w)] in the presence of Ts.

It is important to notice that there is always a largest tree (¢ + 7t here) to which [z, del(w)]
leads, and any other tree so accessed (like ¢') is a T—summand of this one.

Definition 3.7 Given a tree X = (X,¢,a) in Tree,, a run z € X, and a prefix v < del(e(z)), let
w € AX be the shortest word such that w < e(z) and del(w) = v, X[z, w) ).

. R (X,z,v) = {Z|X[z,w)) [z,7") Z,n > 0},
the family of derivatives reachable along = by v.

2. R(X,z,v) = {del(2) | X [z,w) Y [x,7") Z,n > 0},
the family of derivatives reachable along x by v but pruned using del.

Within this setting, we write Z <, Y if Z is a 7—summand of ), and note that R(X,z,v) is
linearly ordered by the relation induced by <., that with abuse of notation we will write <, as
well.

Definition 3.8 Two trees X and Y are weak resource bisimilar, written X =g ), iff there exists
a bijection f: X — Y, such that del(e(z)) = del(¢(f(x))) and

a) For all v = del(w), w < e(z) and w # ¢, if t € R (X, z,v) then there exists t' € R, (Y, f(z),v)
and t =R t';

b) for all v = del(w), w < e(y) and w # ¢, if t € R, (X,y,v) then there exists t' € R, (Y, f(y),v)
and t ~wgr t.

Proposition 3.9 Two transition systems are weak resource bisimilar, § ~yr S’', iff there is a
weak resource bisimulation between their unfoldings as trees, i.e. iff unf(S) =y g unf(S’).

Definition 3.10 Two trees X and Y are branching bisimilar, written X ~p ), iff



i. Vo € X Jy € Y such that del(e(z)) = del({(y)) and

a) for all v = del(w), with w < e(xz) and w # ¢, if t € R (X,z,v) then there exists
t' € R-(Y,y,v) such that ¢t ~p t';

b) for all v = del(w), with w < ((y) and w # €, if ' € R;(V,y,v) then there exists
t € R (X, z,v) such that t ~p t'.

ii. Yy € Y 3z € X such that del(e(z)) = del({(y)) and

a) for all v = del(w), with w < ({(y) and w # ¢, if ' € R, (),y,v) then there exists
t € R (X, z,v) such that t ~p t;

b) for all v = del(w), with w < e(z) and w # €, if t € R, (X, z,v) then there exists
t' € R-(Y,y,v) such that t ~p ¢

Proposition 3.11 Two transition systems are branching bisimilar, S ~p &', iff there is a branch-
ing bisimulation between their unfoldings as trees, i.e. iff unf(S) ~p unf(S’).

Definition 3.12 Two trees X and Y are weakly bisimilar, written X =y Y, iff
i. Yz € X Jy € Y such that del(e(z)) = del({(y)) and

a) for all v = del(w), with w < e(z) and w # ¢, if t € R (X,z,v) then there exists
t' € R:(Y,y,v) such that ¢t =y t'.

ii. Yy € Y 3z € X such that del(e(z)) = del({(y)) and

a) for all v = del(w), with w < ((y) and w # ¢, if ' € R,(),y,v) then there exists
t € R (X,z,v) such that ¢t =~y .

Proposition 3.13 Two transition systems are weakly bisimilar, S ~y &', iff there is a weak
bisimulation between their unfoldings as trees, i.e. iff unf(S) =y unf(S’).

It is interesting to note the essential difference between definitions 3.10 and 3.12 is one of
symmetry: definition 3.12 is missing cases i.b and ii.b of definition 3.10. This will turn out to
have important consequences; the symmetrical form of definition 3.10 means that we can define a
branching bisimulation as an equivalence relation between runs (in the style of the ‘back—and-forth’
approach [7]), whereas no such definition will be possible for weak bisimulation.

4 Canonical Representatives for Bisimulation

In the previous section, we rephrased the definition of weak and branching bisimulation by only
relying on 7-less structures. The information about silent step transitions is collected in what we
called the family of derivatives reached along run z via label w, R(X,z,w). In this section we
will exploit this intuition, and the construction of standard representatives for strong equivalence
classes of trees, to build standard representatives for branching equivalence classes of trees. We
will show that, given a rigid (7—less) tree whose nodes are labelled by R-sets, it is possible to
obtain a (non-rigid) “minimal” tree that is branching equivalent to the original one. The same
procedure will be used for weak resource equivalence, taking into account that, in that case, the
corresponding “rigid” equivalence is isomorphism. We remind the reader that we use =2 to denote
tree isomorphism.

We begin by characterizing strong bisimulation via a canonical representative. The canonical
representative for the ~g—equivalence class will be obtained by merging those runs that have the
same extent and equivalent relationships with other runs in the same tree.



Definition 4.1 Let = be the equivalence relation on runs defined by 2 = 2z’ iff e(z) = ¢(2’) and for
every v < e(z), X[z,v) =g X[z',v), and let |z| denote the =—equivalence class of z. The canonical
S-reduction of a tree X = (X, e, a), SX, is the tree (Y, (,3) where

(i) ¥V ={lz[ [z € X}
(i) ¢(z]) = e(2);
(ii)) Bzl lyl) = max{a(s’,y) | 2" € |z],y" € ly[}.

It is worth noticing that the maximum above exists. Indeed, z = 2/ implies (z) = (z'); hence
a(z',y) for 2’ € |z| is always a prefix of e(z). Thus a(z’,y), as 2’ varies, is linearly ordered.

We approach the proof that SX is the canonical representative of the ~g—equivalence class of X
(and hence that strong equivalence coincides with ~g) by showing that X and SX have the same
transitions:

Lemma 4.2 X and SX can perform the same labelled transitions:
(1) if X[z, w)Y then (SX)][|z|,w) (SY);
(ii) if (SX)[|z|,w)Z and X [z,w) ), then SY = Z.

Theorem 4.3 Given trees, X and ), we have SX =2 SY if and only if X =g ).

In order to define a canonical representative for equivalences involving silent moves, we need
a procedure of reconstruction of a non rigid tree starting from data given in terms of rigid trees.
In the appendix we report an example reconstruction, here we provide a general procedure that
given a collection of (z,v)-indexed families of trees, under some conditions on the collection, yields
a reconstructed tree.

Definition 4.4 Fix a tree X’ in Tree and suppose that a finite collection R(z,v) of sets of trees
is given, one set for each pair (z,v), © € X, v < e(x) We will call this collection X -reconstructible
if it satisfies the following conditions:

(i) (R(z,v),<4) is a finite chain, R(z,v); <t R(z,v)i—1 <4 ... <; R(z,v)1, in Tree;

(ii) There exists a surjective morphism (epimorphism) f;, from & [z,v) to the maximal element
in the chain R(z,v); and for every i, f, ,(z) € R(z,v);;

(iii) fzu(y) € R(z,v); then R(z,s) = R(y,s) for all s < v, and, if s = v, for all j < i R(z,s); =
R(y, s);, furthermore, for all s < w, f,  and f, s coincide on common domains.

Condition (i) means that the derivative after v along z is considered as standing for ¢ different
states that are bigger and bigger, but (ii) guarantees that the biggest of such states is covered by
the original one; (iii) deals with coherence of the derivatives associated with each run.

The properties of reconstructible families are sufficient to ensure a well-behaved reconstruction.

Definition 4.5 Given a tree X’ in Tree, consider a X'-reconstructible family R(z,v), the recon-
struction [ X, R(xz,v) = (X' &',d) of X is given by:

(i) &' = X;

(i) ¢'(z) = T™a17%ay ... T a, T+, given e(z) = ajaz...a, and
1 = |R(w,a1...ak,1)| —1forl1 <k<n+1;

(iii) o/ (z,y) = T"a172ay...7"ma,, T+ where a(r,y) = aaz...am, for 1 < k < m, i, =
|IR(z,a1...ap-1)] — 1 and i1 = |R(X,z,a102...am) NR(y,a102...ay)| — 1.



Proposition 4.6 Let [ X', R(z,v) be as in definition 4.5, then it is a tree in Tree,.

Lemma 4.7 Given a tree X in Tree, let w be a word different from 7. There is an epimorphism
between del([ X, R(x,v) [:Jc,wTh>) and R(z, del(w))pi1-
Proposition 4.8

(i) There is a bijection between R, ([ X, R(z,v)) and R(z,v).

(ii) [(X[z",w)),R(z,v)) = (] ¥ R(z,v)) [, w).

Let us now consider reconstruction in the cases of interest for us. We will start with a tree
in Tree,, we apply deletion on it and reconstruct it with families obtained from the original tree.
Two kinds of families will be considered, to obtain trees that are weakly resource and branching
bisimilar to the original tree. As in the general case (Definition 4.5), reconstruction will be carried

run by run and two trees will be identified only if they are isomorphic and reachable along the
same run.

Theorem 4.9 Given a tree X in Tree,, let us consider two del(X)-reconstructible families:
(i) Ri(z,v) = R(X,x,v), epimorphisms are given by identity;
(ii) Ra(z,v) =8 (R(X,z,v)), epimorphisms are functions induced by S.
Then
(i) X =wgr [ X, Ri(z,v) and
(i) X =p [ X, Ra(z,v) = S [ X, Ra(z,v).
Definition 4.10
(i) The canonical WR-reduction of a tree X = (X, ¢, ) in Tree,, written WRX, is [ X', R (z,v).

(ii) The canonical B-reduction of a tree X = (X, ¢, «) in Tree,, written BX, is S [ X, Ra(z,v).

Lemma 4.11 Given a tree X in Tree,, two derivatives t,t' € R, (X, z,v) are

(i) weak resource bisimilar iff del(t) = del(t');
(ii) branching bisimilar iff Sdel(t) = Sdel(t').

Theorem 4.12 If X and Y are two trees, then we have
(i) X ~wgr Y if and only if WRX = WR).

(ii) X ~p Y if and only if BX = BY.

Due to theorem 4.12 WRAX can be thought of as the minimal weak resource representative for
X, while BX as its minimal branching representative.

We have not been able to provide a standard minimal representation for weak bisimulation
by following the pattern of the construction for the other two weak equivalences. The reason for
this idiosyncrasy is the impossibility of building the standard representation via quotienting: weak
bisimulation does not enforce a direct correspondence between the runs of equivalent trees, and
hence we cannot build a canonical representative as a quotient over the set of runs of a tree. To
see this, consider the two weakly equivalent trees corresponding to the two terms

a(tb+c¢) + ab + a(tb + d) and  a(tb+c) +a(rb+d).

Now the tree corresponding to the second term is a good candidate for a minimal standard repre-
sentative. However, the composition of the equivalence class of runs is unclear: the run ab of the
first tree can either be absorbed by a7b in the first or the third summands, and there is clearly no
reason to prefer one choice over the other. Moreover, we cannot put it in both equivalence classes,
for that would leave us with a(7h + ¢ + d) as the representative, and this is not bisimilar to the
original.



5 An Enriched—Categorical Account

In this section we rephrase our account using more explicitly categorical machinery. We will show
that the construction of minimal representative is ”functorial” w.r.t. tree structure in all the cases.
Furthermore a characterization of the resulting functors is given, that emphasizes the fact that
the only difference between the resource-weak resource cases and strong-branching cases is the
difference between the existence of a bijective function and the existence of relation epimorphic on
both sides.

The notion that ) is a derivative of X accessed by a word w along a run z, X' [z, w) ), naturally
leads to a notion of map between trees different from our morphism. Clearly we could define the
set of maps between X and ), as

{[z, w] | X[z, w) Y}

and this would lead to a category of trees where a map from & to ) is a way of finding the derivative
Y in X. However, a moment’s reflection shows that these arrows from X to ) are not just a set:
they naturally bear a tree structure. Indeed, there are not just two paths from X ® Y to Y of
example ®, there is a tree, consisting of two runs; see Figure 2.

Definition 5.1 The category Der, has trees as objects, arrows f : X — ) in Der[X, )] are paths
[z, w] such that X [z,w) )’ where )’ is an isomorphic copy of ). Given the tree of paths Der[X, )]
and Der[Y, Z], their composition in Der is given by concatenation in Tree.

Der is properly seen not just as a category, but as a category enriched over Tree equipped
with the monoidal structure ® [13].

Similarly, Der; is the category of paths to derivatives with s defined over Tree, in the same
way as Der is defined over Tree.

/\K )
'V\Q‘ lb i.%( a, b
fe TR
OZ/\SIZ 7 y/

X y

Figure 2: Maps in Der: X [z,ca)), X[y, cbc) V.

We have also that Der; is, as well, a Tree—category due to the effect of the functor del :
Tree, — Tree obtained by applying del to homs. In the sequel, Der; will always denote this
Tree—category.

Of course the identity functor on Tree induces the identity functor on Der, but we will show
now that the reduction maps S, B and WR,, though not being endofunctors, do induce Tree—
functors from Der (Der,) to itself.

Lemma 5.2 Given any two trees, Z and Z’, there is a Tree-map between the trees:
(i) Der[Z, Z'] and Der[SZ,SZ].
(ii) del(Der,[Z,2']) and del(Der,[WRZ, WRZ')).

(iii) del(Der,[Z,Z']) and del(Der,[BZ,BZ']).

Theorem 5.3 The endomap S on Tree induces a Tree—functor, Fg, on Der. The endomaps WR
and B on Tree, induce Tree—functors, Fyy g, and Fg on Der,.



We now go on to examine the nice property that allows us to characterize the Tree—functors
above.

To begin with, consider the notion of a V-functor F' : C — C over some V—category C being full
[13]. For this to be the case, we require that for each pair of objects, A, B, the induced function
Fy . from C[A, B] to C[FA, FB] is an epimorphism. Fullness condition in our case would amount
to asking that all paths from F'A to F'B arise via paths from A to B. This is both too naive and
too demanding.

We want to require that all paths from F't to any u are obtained via some u; such that Fu; = u';
this is the notion that will allow us to capture functors like ours. intent.

Definition 5.4 A V-functor F' : C — C is said to be hereditarily full if and only if for any objects
A, B of C, there exists a family {B;} such that FB; = B and {Fy4 p,} covers C[FA, B].

Proposition 5.5
(i) Fs:Der — Der is an hereditarily full Tree—functor.
(i) Fwrg : Der; — Der; is an hereditarily full Tree—functor preserving 1 and sums.

(iii) Fp :Der; — Der; is an hereditarily full Tree—functor.

The only trees in Tree that have none but trivial derivatives are finite, nonempty, sums of 1s.
Let us call them quasiterminals. If F(t) is a quasi terminal, so is ¢. If F' is hereditarily full, one
has the viceversa, i.e. quasi terminals are preserved as a class.

Naturally, identity (the Tree-functor Der — Der induced by resource bisimulation) is hered-
itarily full. It is the only one, up to isomorphism, enjoying this property and preserving 1 and
sums, hence preserving quasi terminals as individuals. This fact can be easily proved by induction
on the depth of the tree. Next theorem will show that the other Tree—functors considered in this
paper enjoy a similar feature, because they are in some sense universal with respect to the class
of Tree—functors with the same properties. The statement corresponds to the minimality of the
canonical representative.

Theorem 5.6 (i) For all hereditarily full Tree-functors F' : Der — Der, FgF = Fjs.

(ii) For all hereditarily full, preserving 1 and sums, Tree—functors F' : Der, — Der,, FiypF =
FWR.

(iii) For all hereditarily full Tree—functors F': Der, — Der,, FgF = Fp.

A direct consequence of this theorem is that all hereditarily full Tree—functors preserving 1 and
sums, preserve weak resource bisimulation equivalence, while all hereditarily full Tree— functors
preserve branching bisimulation equivalence.

6 Conclusions

We have studied labelled trees as unfoldings of transitions systems and characterized different
bisimulations as special functors between categories of trees, enjoying universal properties. We have
thus devised criteria for comparing and assessing different equivalences: branching bisimulation
appears as the natural generalization of strong bisimulation just like weak resource bisimulation is
the natural generalization of isomorphism of trees.

The definition of the functors has required, as an intermediate step, the construction of a
canonical representative of the considered equivalence classes. The construction of canonical rep-
resentatives for weak bisimulation equivalence turned out to be problematic; we could not define a
quotient that preserved the structure of the runs.



Our approach to bisimulations characterizations is related to that introduced in [11] and used
in [1], only they start from a different view of the same ”topological” structure. Our trees have
originally been defined as categories enriched over a locally—posetal 2—category A namely that
associated with the free monoid A* [12]. Similarly, morphisms between trees are A-functors. It
is well known that our trees, as categories enriched on a posetal 2-category, can be thought as
presentations of sheaves on the topology where elements of A* constitute a base. To obtain the
corresponding sheaves we would roughly need to complete runs with all their prefixes. To recover the
approach followed in [11], elements of A* could be considered as a subcategory P of paths in Tree
and we could characterize strong and branching bisimulation as in [11] via spans of P—open maps.
The Tree—functoriality corresponds to preservation of ”path logic”, but our construction, provides
also minimal representatives that cannot be obtained via spans. As in our case, characterization
of weak equivalence in [11] is problematic, see [1]; it requires introducing an "ad hoc” selection
of morphisms or a weakening of the logic to be preserved. This weaker characterization is not
reproducible in our context that is more demanding on structural properties.

The two new equivalences that we have considered, and that are not considered in the above
mentioned papers, have proved very useful. Resource bisimulation has been used to obtain a
complete axiomatization of a tree-based interpretation of regular expressions [6] and to provide
alternative operational semantics of process algebras [2]. Weak resource bisimulation can be fully
axiomatized by simply adding to the axioms for resource bisimulation the following law:

aT X = a X

that essentially says that all and only the “irrelevant” 7s are ignored.

Besides this line of investigation, let us mention two promising topics for further work. In this
paper we have only considered action-labelled finite trees. There are two obvious generalizations.

Firstly, like it has been done for the open-maps approach, we could export our characterizations
to different semantics, those that admit an enriched categorical presentation, i.e. we could consider
richer labels that would enable us to rely on the same bisimulations also for non-interleaving
models of concurrency [17] and capture, e.g., causal dependence, maximal concurrency, locality—
based properties in the same vein of [4, 5]. Secondly, we could consider finite state transition
systems with cycles (and hence infinite unfoldings).

However, while the generalization to richer labels is direct, the adjustments needed for dealing
with infinity are not minor. Indeed, a key point of our approach is that unfoldings of systems are
described as sets of runs from an initial to a final state. Now, while in the case of finite LTSs we
immediately have final states, in the cyclic case, we would need to single out specific states as final
and ensure that all of them are equivalent. One possibility is to ‘massage’ systems to include sink
states in correspondence with each final state, for instance via the (standard automata-theoretic)
construction of introducing epsilon moves. The set of runs of an LTS would then be the set of all
finite runs with the obvious labeling; the agreement of any two runs would be the string associated
with their initial common run. A run z is considered an approximation of a run y whenever
a(z,y) = e(z) <e(y).

But this will be the subject of future research.
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7 APPENDIX: Rebuilding Trees

In this appendix we provide an example of the reconstruction procedure formally defined in Section
4.

First of all, we show how to obtain decorated rigid trees from those with silent actions.
In Figure 3 we have represented the tree X and the tree del(X’) obtained by deleting all silent

moves from X. For the sake of readability, we name y; the runs of del(X) corresponding to the x;
of X.
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Figure 3: A tree X in Tree, and its deletion.

The first step of our reconstruction consists of decorating each node [y;, u] in del(X’) with the
derivatives in R(X,z;,v). For instance, we decorate the nodes of del(X) in this way:

(i) the root is decorated with four sets of derivatives, one for each y;,

R(X,z0,€) {b+a+c(a+b), b+a, b}
R(X,z1,¢e) = {b+a+cla+b), b+a}
R(X,z2,¢e) = {b+a+c(a+b)}
R(X,z3,¢e) = {b+a+c(a+b)}

(ii) the leaf node of the yg branch, [y, b], is decorated with:
R(X,z9,0) = {1}
(iii) the leaf node of the y; branch is decorated with:
R(X,xz1,a) = {1}
(iv) the node [y2,c] = [ys, | is decorated with:

R(X,x2,¢) = {a+0b}
R(X,x3,c¢) {a + b, b}.

(v) the leaf node of the y, branch is decorated with:
R(X,(IIQ,CG,) = {1}
(vi) the leaf node of the y3 branch is decorated with:

R(X,z3,cb) = {1}



The reconstruction of a tree in Tree, from the decorated version of del(X) proceeds along the
following lines.

Given the set of runs xg,x1, 2, x3, first, their new extent is defined. To do this we rely on
the fact that each tree in R(X, z, wa;) represents a derivative accessible by a ==>—step from [z, w],
and reconstruct the extent by introducing after each a; a number of 7s equal to |R(X, z, wa;)| — 1
in order to guarantee the necessary branching points. To see this, consider Figure 4, where it is
assumed that:

R(X, 21, del(wa)) = {t4+ 13+ 12+ 1,83 + 2 +¢1,82 +¢1,¢1}

w

Lo

=,

i
2

z
55

21

Figure 4: A step in the reconstruction.
In our specific example the suggested construction amounts to defining:
e(zo) = 720, e(r1) = 7a, e(z2) = ca, e(x3) = crb

The agreement between two given runs is then obtained again by adding after each a; a number
of 7s equal to
|R(X, 2, wa;) NR(X, x5, wa;)| — 1

7S
VI

Zo xs3

Figure 5: The reconstructed tree: [R(X,z,v).

Thus, the complete reconstruction of the tree of Figure 3, which will be written [ R(X,z,v), is
shown in Figure 5. The reader may like to check that the reconstruction is weak resource bisimilar
to the original tree.
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We introduce an alternative occurrence net semantics for S/T-systems allowing
arbitrary markings and arc weights. For Petri net systems, branching process se-
mantics have been introduced by Nielsen, Plotkin, and Winskel [7] and Engelfriet
[2]. Branching Processes (BPs for short) give a partial order representation of system
behavior by means of an unfolding into an occurrence net. McMillan [6], Esparza [3]
and Esparza/Romer/Vogler [5] used BPs to decide system properties in the 1-safe
case whilst avoiding state explosion.

Our definition will work for general systems, including those with arc weights
greater than one. The restriction to the 1-safe case can therefore be lifted. Also,
the principles in constructing the unfolding are different, making the definition more
general and, presumably, flexible to include future extensions to different net classes.

We begin by stating the definitions and terminology.

Definition 0.1 A net is a quadruple N = (S, T, F,W) such that
1. S is a set of places
2. T a set of transitions such that SNT = (),
3. FC[(SxT)U(T x S)] a set of arcs, and

4. W [(SxT)u(T x S)] = INg an arc weight function
such that W(z,y) =0 iff (z,y) € F.

N is ordinary iff W (z,y) =1 for all (z,y) € F.

Adding markings and their dynamics, on obtains systems:



Definition 0.2 For any net N = (S, T, F,W), any mapping M : S — INy is called
a marking. A (net) system is a pair ¥ = (N, My) where N = (S, T,F,W) is a
net and My : S — INg a marking, called the initial marking of >. ¢ € T is enabled
in a marking M iff, for all s € S, M(s) > W(s,t). If t is enabled in M, the firing
of t leads to a new marking M', in short: M[tYM', iff, for all s € S, M' satisfies

M'(s) = M(s)—Wi(s,t)+W(t,s).

We denote the set of transitions enabled in M by EN'AB(M), and define the reach-
ability set of M as

REACH(M) = {M:S —INy: 3It,.,t, €T, My,....M,:S — Ny :

For ordinary nets, we will suppress W in the notation.

Definition 0.3 For N = (S,T,F,W), set <:= F* and <:= F*. Forx € SUT,
set

Fr:={y: (y,x) € F}, oF :={y: (x,y) € F'}, FaF := Fx UzF.

The conflict relation # s given by: x#y iff there exist s € S and t1,ty € sF such
that t, £ to, t1 < x, and ty < y.

The interpretation justifying the notion of conflict will be given below for a more
specialized context.

Definition 0.4 An ordinary petri net N = (B, E, F) is an occurrence net (ON
) if:
1. no backward branching: |Fb| <1 for all b € B;
2. Acyclicity: —(z < z) for all z € BUE; and
3. absence of self-conflict: —(z#x) for all z € BUE.
If also |bF| <1 for allb € B, N is called a causal net or CN. For an ON N, set
L.zlhyiffec<yory<cwz, and
2. x coy iff x =y and neither x li y.

Denote the set of maximal co—cliques by CUT S(N') and set
SCUTS(N) := CUTS(N)NP(S). — The following properties are easily verified:
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Figure 1: A 1-safe system with BP in the Engelfriet sense

Lemma 0.5 If N = (B, E, F) is an ON, the following holds:
1. < is a partial order (i.e. irreflezive and transitive);

2. Ui, co, and # are symmetric and irreflexive;

3. with id := {(z,z) : * € BUE}, the product set (BUE) x (BUE) is the dis-
goint union of id, li, co, and #.

Moreover, N is a CN iff # is empty .

|

Informally speaking, Branching processes (BPs) are unfoldings of Petri net systems
into occurrence nets obtained from the firing rule.

Engelfriet’s [2] definition of BPs requires that N is ordinary, and ¥ is 1-safe: An
Engelfriet BP of ¥ is a pair (N, p), where

1. N = (B, E, F) is an ON such that min(N) € SCUTS ,
2. p: BUE — SUT a labeling function such that

(a) p(B) C Sand p(E) C T,

(b) for all e € E, p induces an isomorphism between the subnets spanned by
FeF and FtF, where p(e) = t.

() Ve, ep€ E:(Fey = Fey Aper) =plez)) = e1 = ez, and

(d

) Dlpinoyy 18 @ bijection from min(N) to m.



Figure 1 illustrates the construction of BPs.
We generalize that definition to include general markings and general arc weights:

Definition 0.6 Let ¥ = (N, My) be a system with N' = (S,T,F,W) . A (gener-
alized) branching process of ¥ is a triple Il = (N, p, 1), where N = (B, E, F) is

an ON with min(N') € SCUT S(N), and
p: (BUE)— (SUT) , [:B—S
are mappings such that
1. p(B) C S and p(E) C T,

2. Ye,ea€E: (Fe=FeyAp(e)) =ples)) = e1 = e,

8. Plnes, 18 @ bijection between min(N') and S,

4. YV bemin(N):1(b) = My(p(b)),
5. Yee€E: withp(e) =t,

(a) for any s € FtF there exists a unique (by,by) € [Fe x eF| such that
p(b1) = p(bs) = s.
(b) For alle € E and by, by according to part 5a,
i. 1(br) > W(p(bi),p(e)) and
i L(b2) = U(bs) — W(p(b1), p(e)) + W ((p(e), p(b2)))-

6. V bl,bz € B :b; co by :>p(b1) %p(bg) .

So in our definition, every transition occurring is reflected in such a way that its pre-
and its post-domain are jointly mirrored by corresponding conditions both in the pre-
and the post domain of the corresponding event in the BP. The structural mapping
p encodes the two-fold effect of any transition, forward and backward, whereas [
encodes the marking behavior. In particular, the BP semantics are generated by the
quantitative change of markings in N; the ’identity’ of a given token, the history of
the way past conflicts have been resolved, is ignored by p and [, as it is ignored by
the firing rule of Petri nets.

For BPs, the relations from Definition 0.4 have a meaningin terms of local aspects
of the system behavior.  li y means that the events (or place markings) represented
by x and y are causally ordered. For x#y, both are incompatible, i. e. reaching
x entails never reaching y in past, present, or future (although equivalent elements
may be attainable), and z co y concurrency (in a narrow sense). As an example,
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Figure 2: Maximal BP of a system with arc weights

consider figure 2. The final markings reachable are M; and M,, where

M (a) = M, (b) = My(d) =0, My(c) =3, M(e) =2
and My(a) =2, My(b) = My(d) =0, My(c) =4, My(e) =2 ;

this corresponds to the cuts
n = {a}, 00, cl,dg, €5} and e = {ag, b3, &5, dy. €5}

in the branching process. — In fact, the BP here is mazimal.

Let us turn towards some other aspects of the semantics. In figure 2, transitions
« and (3 are ‘in some way’ in conflict with one another, depending on the situation;
in the initial marking depicted, they may fire in parallel, but after one of them has
fired, a and ( 'battle’ over the remaining token on b. The conflict situation is, as
expected, represented by conflict in the BP. Now, the parallelism is reflected in
the BP by the presence of all orderings of the corresponding events in, respectively,
those branches of the process in which both occur.

On the other hand, true concurrency — by which we mean the absence of ordering
between events — arises iff the extensions are disjoint: consider 3 and ~. All pairs
of their occurrences are co- pairs in the BP; this is the case — and is only possible
— for any pair ti,t, of transitions if Ft;F N Ft,F = (. So we have, all in all, four
different ways in which two occurrences e¢; and e, of transitions t;, t5 can be related:

1. causal ordering, reflected by [z ,

2. conflict (#),



3. parallelism: Ft;F' N Ft,F' # (@, but the common upstream places contain
enough tokens to allow both #; and ¢ to fire; in this case, e; will occur before
es in some of the branches in the BP and order reversed in others, and finally

4. concurrency: Ft;FNFtyF = (), and hence e; co es.

Note that case 3 can arise even ’'between’ a transition and itself (i.e. t; = t)
whereas, obviously, case 4 cannot.
First, some general structural results for ONs.

Theorem 0.7 Let N = (B, E, F) be an ON.
1. For any e € E and x € [(B U E) — {e}] such that v coe, x cob for any
be FeF.
2. Foranye € E and x € [(BUE) —{e}] such that x co b for any b € Fe, x co e.
3. Foranye € E and x € [(BUFE) —{e}] such that x co b for any b € eF, x co e.

4. For all c € SCUTS(N) and e € E such that Fe C ¢, set ¢ :=[c— Fe] UeF.
Then ¢ € SCUTS(N).

Proof:

Proof of 1: First, take b € Fe such that —(x co b). Then we have to consider
the following cases:
1. x < b: Then also z < e contradicting the assumption.
2. b < x: Then either e < x or e#x, again a contradiction.
3. b#tx: Then there exist b € B and e, es € bF such that e; # ey, e; < b, and
es < z. But then e; < e and hence e#z.

Thus we have contradictions in all cases. For b € eF, the proof is analogous.
|

Proof of 2: Assume —(z co e). Once again, we have three cases all of which
lead to contradictions:

1. z < e implies the existence of b € Fe such that = < b.

2. e < x implies b < z for all b € Fe.

3. etz implies the existence of b € B and ej, e € bF such that e; # e, and
e1 <e, eo < x. But then there exists b € Fe such that x#b.

|



Proof of 3: Assume —(z co e). Again, we have three cases:

1. z < e implies < b for all b € eF.
2. e < x implies the existence of b € eF such that = < b.

3. effx implies the existence of b € B and e, e; € bF such that e; # e, and
e1 <e, ep < x. But then z#b for all b € eF.

Proof of 4: a consequence of parts 2 and 1. O

If ¢ arises from ¢ as described in the proof, we write c[[e))c’.

Definition 0.8 Let 11, = (N1, p1, 1) and Ty = (N3, pa, ) be two processes of ¥.
Then: 11y < Iy iff N1 is isomorphic to an initial segment of N.

It can be shown that < is a partial order; the most important result concerning <
is

Theorem 0.9 For every system X, there is — up to isomorphism — a unique <
mazimal process Il = (N, p,l) of X.

Proof: Analogous to Engelfriet [2]. O

By induction, one finds that BPsdo in fact reflect the behavior of ¥:

Theorem 0.10 Let ¥ = (N, My) with N' = (S,T,F,W) and 11 = (N, p,1), the
mazimal process of X, with N = (B, E,F). Then for every n > 1 and every firing

sequence Mylto) My[... >),, there exist ¢y, ..., ¢, € SCUTS(N) and ey, ..., e, € E such
that

1. ¢g = min(N) and cyl[eo))cr][.-))en
2. foralli=1,...,n and all b € ¢;, M;(p(b)) = 1(b).
|

One therefore has a correspondence from markings in the system to S-cuts of
the BP net in the sense that markings reachable in ¥ can be 'reached’ in NV; in fact,
[[)) defines a ’pseudo-firing’ in the unfolded net that simulates the firings in . If
N is finite!, the correspondence is actually two-way, i.e. for every ¢ € SCUT S(N)

lin fact, the claim made subsequently is valid under more general assumptions; but finiteness
is already general enough to cover all practical cases



there is a reachable marking M, represented by c. Generalized BPs exist for gen-
eral net systems with arc weights and arbitrary markings. They provide an ON
semantics with two particular properties: it represents both the upstream and the
downstream effects of any given transition, and it discriminates different kinds of
marking-dependent interrelations between occurrences. For finite nets, they can be
inductively defined; there always exists, as in the 1-safe case, a maximal BP .

Definition 0.6 extends Engelfriet’s definition of branching processes; it is at the
same time the 'branching version’ of the erecutions as defined and studied by Vogler
[8].

The construction of a generalized BP can — for bounded nets — equivalently be
obtained in the following way: transform the original system into an equivalent 1-
safe system by introducing n, places for every place p, where n, is the maximal
number of tokens on p, and the corresponding marking and transitions; then, gen-
erate the Engelfriet BP of the new system. This construction — which is mentioned
by Baumgarten [1] — requires a lot more space and time than the direct one we
propose; for constructing a generalized BP , one needs only to introduce a new con-
dition (standing for a number of tokens on some place) when necessary. Since in
general not all amounts of tokens between 0 and n, will be realized but only a few
of them, Definition 0.6 helps reduce overhead.

Turning towards applications, it is already known that one can obtain a suitable
finite prefix of a BP by stopping the unfolding after the occurrence of so called ’cut-
off events’. These were introduced by McMillan [6] and used in the PEPtool’s model
checker [3]; cf. Graves [4] for the appropriate adjustment of the definition. Their
approach carries over to our BPs, thus model checking of more general logics and
without assumptions on safeness becomes possible.
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Abstract

We present a tool for checking bisimilarities between m-calculus processes with the
up-to techniques for bisimulation. These techniques are used to reduce the size of the
relation one has to exhibit to prove a bisimulation. Not only is this interesting in
terms of space management, but it also increases dramatically the expressive power of
our system, by making in some cases the verification of infinite states space processes
possible. Based on an algorithm to compute a unique normal form for structural
congruence, we develop sound and complete methods to check bisimulation up to
injective substitutions on free names, up to restriction and up to parallel composition.
We show the expressiveness of our techniques on a prototype implementation.

Introduction

We present a tool for automatically checking bisimilarities between 7-calculus processes
with the up-to techniques for bisimulation. Existing tools for automatically checking bisim-
ilarities between CCS or m-calculus processes can handle a restricted class of processes that
have an infinite behaviour. Methods like the partition refinement algorithm ([PT87], used
for example in [PS96]) are based on a preliminary step in which the unfolding of the pro-
cesses is computed, under the form of a Labelled Transition System. Therefore, processes
having an infinite state space cannot be taken into consideration by this approach. The
Mobility Workbench [VM94] uses an “on the fly” method, that progressively builds the
candidate bisimulation relation as new pairs of related processes are discovered. This way,
one can also take into account two non terminating processes that show a different be-
haviour after a finite number of steps, and prove that they are not bisimilar. However, two
processes having an infinite states space still cannot be proven bisimilar.

In this paper, a different approach, based on the so called up-to proof techniques, is
investigated, in order to define some methods for checking bisimilarities between processes.
These techniques have been introduced as meta-level tools for proving bisimulation rela-
tions [SM92, San95]|, and to our knowledge have only been used in papers about the theory
of m-calculus, to prove bisimilarity laws. They allow one to perform some syntactical ma-
nipulations on processes in order to reduce the size of the relations one has to exhibit to



prove bisimulation. The aim of this work is to investigate to what extent these techniques
can be mechanised, and how such theoretical tools can be used in the context of verifica-
tion. The main benefit we get from these techniques arises at the level of expressiveness: we
can indeed prove in some cases bisimilarity between replicated processes having an infinite
states space.

The basis for the development of our up to checking methods is the up to structural
congruence proof technique. To work up to structural congruence means to have a notion
of unique normal form for this equivalence. We achieve this in a simple way through the
definition of a term rewriting system on a small but expressive language. This allows
us to work only with terms in normal form, and to introduce effective characterisations
of the various proof techniques we study (up to injective substitutions on names, up to
restriction, and up to parallel composition). We rely on these characterisations to define
our bisimilarity checking algorithm, which is a straightforward extension of the “on the fly”
checking method for bisimulation.

For the sake of brevity, the presentation of the definitions and of the main results has
been kept rather succinct (the reader should refer to [Hir98| for the proofs of the prop-
erties we state and for more comments on the design choices). Insight on the technical
issues that arise as we mechanise the up to techniques is given along the statements of our
results. The paper is organised as follows: Section 1 describes the general framework of
our study: after defining the syntax of our terms and structural congruence, we introduce
a normalisation algorithm that enjoys the uniqueness of normal forms property. We then
introduce semantics and the behavioural equivalence we use on processes, namely bisimi-
larity, and give a brief account on the up to proof techniques for bisimulation. In Section
2, we define the up to techniques we use, and give characterisations of the corresponding
functions on relations. We put together these results in Section 3 to build a prototype
implementation, and illustrate the behaviour of our techniques on a few simple examples.
We finally conclude with a brief discussion on the insight brought by our study, and on
future work.

1 Definitions and Notations

1.1 Syntax

Let a,b,...,z,y,... range over an infinite countable set of names, and d, l;, ... range
over (possibly empty) name lists. Processes, ranged over by P,(Q, ..., are defined by the
following syntax:

a = a(b) | alb], P =0]|aP|'a.P|(vz)P|P|P;.

Prefixes are either input: a(l;), or output: 6[5]. 0 is the inactive process; prefixed
processes are either linear (a.P) or replicated (!o.P);the other constructors are restriction
(v) and parallel composition (|). Bound names are defined by saying that restriction and
input prefix are binding operators: (vx) and x(%) respectively bind name z and the names



in ¢/ in their continuation. As usual, free names are names that are not bound in a process,
and we work up to implicit a-conversion of bound names (at least until Section 2, where
a-conversion will be handled explicitly for the definition of our checking methods).

Structural congruence, written =, is the smallest equivalence relation that is a congru-
ence and that satisfies the following rules:

1 Plo=P 2 PlQ=Q|P 3 P|(Q|R)=(P|Q)|R

4 (vz)(vy) P = (vy)(ve) P 5 (vx)0=0 6 P|(fo5£?£§)) PI0)

7 la.Pla.P =la.P 8 la.P|la.P =la.P

Rules 1-3 give properties about the parallel composition operator, rules 4-6 deal with
restriction, and rules 7-8 with replication. Rule 8 is new with respect to the traditional
definition of structural congruence [Mil91], and can be seen as the “limit” of infinitely many
applications of Rule 7.

Conventions and notations: Rules 2 and 3 (for parallel composition) and 4 (for
restriction) will be used implicitly, which means that we work up to commutativity and as-
sociativity of parallel composition, and up to permutation of consecutive restrictions. This
will allow us to use the notation (Pi[...|P,) (sometimes abbreviated as [[;c; , £%) for
parallel composition, and (vZ) P for restriction, where & is intended as having a set rather
than a vector structure (in order to allow silent applications of rule 4). The technical issues
raised by the implementation of these aspects of structural congruence will be discussed in
Section 2.

Whereas rules 1 and 5 are used to do some garbage collection, the rules that will be
really relevant in the definition of our notion of normal form are rules 6, 7 and 8, as will be
seen below. Remark that structural congruence preserves free names, i.e if P = @), then
fn(P) = fn(Q).

Notation: In the following, we write =,, to denote equality between processes up to
a-conversion, permutation of consecutive restrictions (structural congruence law 4), and
commutativity and associativity of parallel composition. With this notation, we focus on
the interplay between a-conversion and permutation of consecutive restrictions, leaving
the management of parallel compositions aside, as this is a somewhat orthogonal question.

1.2 Normal Forms

We give an orientation to the relevant structural congruence laws to define a term rewriting
system as follows:

Definition 1.1 (Normalisation algorithm) The normalisation algorithm is defined as



the rewriting system given by the five following rules':
R5 (vx)0—0 R6 (z ¢ fn(P)) = (P|(vx)Q — (vz)(P|Q))
Rl PI0— P R7 !la.Pla.P — !a.P  R8 !a.Plla.P — la.P

This rewriting system enjoys strong normalisation (a computation always terminates)
and local confluence (two one-step reducts of a term can always be rewritten into a common
term), which guarantees uniqueness of normal forms:

Proposition 1.2 (Uniqueness of normal forms) For any process P, there exists a unique
process, written NR(P), obtained by application of our rewriting system to P , and that
cannot be further rewritten. Moreover, given two processes P and Q, P = @ if and only if
NR(P)=,,NR(Q).

We now give a syntactical description of the terms that cannot be rewritten by our
algorithm:
m times

——N—
For m € N, define (a.N)™ = a.N|...|a.N and let (a.N)* =la.N.

N =0
| wd) (@ N)™ [ (e Ny, n> 1, ms € N U {w)
{ Vi.x; € fn((Oél-Nl)ml| e |(anNn)mn)
\V/Z,] € []_, .. .,TL]. (Z §£ ]) = (azNz 7£ Oéj.Nj)

Figure 1: Syntax of normal forms

Proposition 1.3 (Syntactical description of normal forms) The terms that are of
the form NR(P), for some P, are exactly those described by the syntaz defined in Figure 1.

Let us comment on the shape of normal forms: the syntax of Figure 1 says that every
process that is not equivalent to 0 can be viewed as an agent with two components, its
body and its topmost restrictions. The body is made of processes that are ready to commit,
and the topmost restrictions define some kind of geometry among these processes.

Notations: Given a non-null process in normal form P = [[.(a;.N;)™, we write
P = (v@p) (P) to decompose P into its uppermost restrictions (vZp) and its “body”
[1;(ci.N;)™, which consists of (possibly replicated) prefixed processes. Note that bodies
of normal forms are also normal forms. We will range over such processes (i.e. non-
null normal forms without topmost restrictions) with the notation (P),(@),.... We
further decompose (P) into an “infinite part”, written (P),, and a “finite part”, written

!Note that rule R6 is guarded by a condition; however, we can consider our system as a usual Term
Rewriting System (i.e. without conditions), for example by adopting a De Bruijn notation for names,
which intrinsically embeds the side condition when applying the structural congruence rule.



(P) pr, respectively corresponding to the replicated and the non-replicated components,
i.e. <P>w = Hlml:w(alNZ)ml and <P>N = HzmlEN(alNZ)ml
We introduce some machinery on processes of the form (P), that will be useful for the

treatment of the up to parallel composition proof technique in Section 2: we let
def

Hi(ai-Pi)mi \Hj(ﬁj-Qj)w = Hi.v]‘.ai.PHéﬁj.Qj(O‘i-Pi)mi
(note that the right hand side argument of \ is always of the form (P),), and, for two

processes of the form (P) and (Q), we let (P)&(Q) € (P}, | (Q)u\ (P)u) | (P)yr\
(@) | (@ \ (P)).

1.3 Semantics

1.3.1 Operational Semantics and Bisimulation

— a(b) P&P,
INP a(%).P — P,._ RES cdn
( ) {Z:=b} (Z/LU) P i> (Z/LU) P/ gé (M)
7 ﬁ[l_ﬂ P M P’ x % a
oUT ab.P %P  OPEN . { .
() p 0, o LB\
13 ' o ,
BANG —a.P =P PAR, — P =P OVAbn(n) = 0
la.P £ 1. P|P' L oIP 5 QP fn(Q) Nbn(p)
a(b) wh)alb] .,
crosg, L—F Q0 ——0Q
PlQ — (wb') (P|Q")

Figure 2: Early Transition Semantics

The rules for early transition semantics are given in Figure 2 (:: denotes the adjunction
of an element to a list; symmetrical versions of rules PAR; and C'LOS E; have been omitted;
note the particular shape of rule BANG, in relation to our syntax). The semantical
equivalence on processes we use is bisimilarity, defined as follows:

Definition 1.4 (Bisimulation, bisimilarity) A relation R is a bisimulation iff for ev-
ery pair of processes (P, Q) such that PRQ, whenever P £ P!, there exists a process Q'

such that Q £ Q' and P'RQ’, and the symmetrical condition on transitions performed by
Q. Bisimilarity, written ~, is the greatest bisimulation.

1.3.2 The Up-to Proof Techniques for Bisimulation

To rephrase Definition 1.4 above, proving bisimilarity of two processes reduces to exhibiting
a bisimulation relation that contains these processes. The property “to be a bisimulation
relation” can be depicted by the diagram on the left side of Figure 3: R is a bisimulation if
any pair of processes in R evolves to pairs of processes that are also in R. In other words,
R contains the whole “future” of all the processes it relates.
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Figure 3: From bisimulation to up-to bisimulation

In [San95|, Sangiorgi introduces a general framework for the study of the up-to tech-
niques, which can be used to reduce the size of the relations one has to exhibit in order
to prove bisimulation. Each technique is represented by a functional from relations to
relations (ranged over by F):

Definition 1.5 (Bisimulation up to F) Given a functional F over relations, we say
that a relation R is a bisimulation up to F iff, for every P and Q) such that PRQ),
whenever P £ P, there exists Q' s.t. Q & Q' and P'F(R)Q', and the symmetrical
condition on transitions performed by Q).

A functional F gives a correct proof technique if it is sound, i.e. if (R is a bisimulation
up to F) implies (R C~), which means that in some way, F helps building the “future”
of a relation: to prove that R is a bisimulation relation, it is enough to prove that any
pair of processes in R can only evolve to pairs of processes that are contained in F(R) (as
shown on the right part of Figure 3). [San95| introduces a sufficient condition for soundness
of functionals, called respectfulness. All the techniques we are using in the remainder of
the paper (up to injective substitutions on free names, up to structural congruence, up to
restrictions, up to parallel composition) are respectful, and can be combined together for
the task of proving bisimulations, thanks to nice compositionality properties of respectful
functions.

2 Automatising the Up-to Techniques

In this Section, we define sound and complete methods to decide, given a relation R, if a
pair of processes belongs to F(R), for some function F corresponding to a correct proof
technique. Using Definition 1.5, this amounts to define a checking method to tell if a
relation is a bisimulation up to F.

The normalising function we have defined gives rise to the bisimulation up to bisimilarity
proof technique. We now study the up to injective substitutions on free names, the up
to restriction and the up to parallel composition proof techniques. The corresponding
functions are proved bisimilar in [San95|; however, their nice compositionality properties do
not extend to the characterisations, which prevents us to treat them separately. Therefore,
we shall treat them incrementally, adding a technique at each step, and leading to our
most powerful technique in Definition 2.7. Notice anyway that the overall methodology of
our checking methods is rather uniform. Because of lack of space, we will just state the
definitions and characterisations of the various proof techniques (the reader interested in



a more detailed discussion and in the proofs should refer to |[Hir98|), and then comment
about the algorithms induced by our characterisations.

2.1 Definitions and Characterisations

We first need some background on substitutions on names, that are functions from names
to names, ranged over by o, o', 0”. We define dom(o), the domain of o, as the set of
names n such that o(n) # n, and the codomain codom(o) of o as o(dom(c)). o is injective
if o(i) = o(j) implies ¢ = j. In the following, we are interested, given a process P, in
substitutions ¢ that are injective on the free names of P, and such that applying o to P
does not capture bound names of P, i.e. codom (o) Nbn(P) = 0 (this is always possible
modulo a-conversion). An injective substitution o whose domain is finite defines a bijective
mapping between dom(c) and codom(c); we shall write o~ ! for the inverse of o. Given a
set of names E, we say that two substitutions o and ¢’ coincide on E, written o = ¢’ on
E, iff for any name n in E, o(n) = o'(n).

2.1.1 Up to Injective Substitutions on Names

Definition 2.1 Given a relation R, we define the closure under structural congruence and
injective substitutions on free names of R, written =R'=, as follows:

=Ri=%Y {(P,Q); (P, Qo) € R,To injective on fn(FPy) U fn(Qo).

P=PoAQ=Qy}.

In order to give a characterisation of =R'=, we study a-convertibility of processes in
normal form, and its relation to injective substitutions:

Fact 2.2 Given two processes P and Q) in normal form, write P = (vZ) (P) and Q =
(vy) (Q). Then (vZ) (P)=a,(vy) (Q) iff there exists a substitution o, injective on fn((Q)),
s.t. (Py=a,(Q)o, dom(o) =4 and o(y) = Z.

Lemma 2.3 Write as above P = (v@) (P) and Q = (vy) (Q), for two normal processes P
and Q). Then, for any substitution o injective on the free names of (Q), (vZ) (P)=a.,(v7) ((Q)0)
iff there exists a substitution o’ injective on fn((Q)) s.t. (i) (P)=a(Q)d’, (ii) o' (c (7)) =

%, and (ii1) o' = o on fn((Q)) \ o (7).

Proposition 2.4 (Characterisation of =R'=) (P, Q) €=R'= iff there exist processes
Py, Qo, and substitutions o' o”, injective on fn({(Py)) and fn((Qo)) respectively, such that,
if we write Py = (v@p,) (F), Qo = (VZg,) (Qo), NR(P) = (vZp) (NR(P)) and NR(Q) =
(vZg) (NR(Q)), we have PyRQo, (NR(P))=a,(FPo)o’, (NR(Q))=0ar(Qo)o", o' (Zp,) = Zp,
o"(Zg,) = Zg, and, if we write E = fn((Fy)) N fn({Qo)) \ Zp,Zg,, 0’ =" on E.



2.1.2 Up to Restriction

Definition 2.5 We write = (R')” = to denote the closure under injective substitutions,
structural congruence and restrictions of a relation R, defined as follows:
=(R')= e/ {(P,Q); 3Py, Qo, IV, o injective on fn(Py).
((Po, Qo) € R) A (P = (v0) (Poo)) A (Q = (v7) (Qo0))} -

Proposition 2.6 (Characterisation of the closure up to restrictions) Given two pro-
cesses P and QQ and a relation R, write NR(P) = (vZp) (NR(P)> and NR(Q) = (vZg) (NR(Q)).
Then (P,Q) € = (R") = iff there exist two substitutions o' and 0" injective on fn((Py))
and fn({Qo)) respectively, processes Py and Qo and a name list vV C fn(PO) Ufn(Qo) such

that, if we write Py = (vZp,) (Po), Qo = (VZg,) (Qo), Vi = Vignerey) and Va = Vign(oo):

(1) (NR(P))=av(Fo)o" and (NR(Q
(ii) o' (Vidp,) = Zp and o"(VaZg ):fQ
(iii) o' = 0" on E = fn((Po)) N fn((Qo)) \ (VZr,Zq,) -

The condition above can be seen as an enlargement of the up to injective substitutions
case: the up-to restrictions technique compels ¢’ and ¢” to coincide on a smaller set E of
names, or in other words more names in fn(Fy) and fn(Qo) can be mapped to different
names by o’ and o”.

2.1.3 Up to Parallel Composition

To reason with both the up to restriction and the up to parallel composition proof tech-
niques, we work with contexts that are described by the following syntax (note that the up
to structural congruence proof technique allows us to adopt this simple form of contexts
without loss of generality):

cC = wa)(]|IT) T= H(ai.Ni)mi, T in normal form .

i

Definition 2.7 We write = (R’)C = to denote the closure under injective substitutions,
structural congruence, restriction and parallel composition of a relation R, defined as fol-
lows:

E(Ri)CE 2/ {(P,Q); 3Py, Qov, IC, 3o injective on fn(F).

((Fo, Qo) € R) A (P = C[Pyo]) A (Q = ClQoo])} -

Proposition 2.8 (Characterisation of E(Ri)c =) Given a relation R and two pro-

cesses P and @, (P,Q) € E(Ri)CE iff there exist (Py, Qo) € R, a process (T, two substi-
tutions o' and 0" injective on fn((Py) | (T)) and fn({Qo) | (T)) respectively, and a name
list VC fn(Py) U fn(Qo) U fn((T)) such that, if we write NR(P) = (vZp) (NR(P)), Py =



(viEr,) (Po), Vi = ‘7|fn(Po)a (T1)o=av(T)o \ (Po)w, (T)N=av(T)N \ (Po)w, and similarly
for @, Qo, f\Qo; Vo and <T2>, we have:

(it7) o' = 0" on E = fn((Po)®(T)) N frn((Qo)®(T)) \ (prono) .

2.2  On the induced checking methods

We now describe informally the implementation of the checking methods induced by Propo-
sitions 2.4, 2.6 and 2.8. The overall methodology is the same in each case; we illustrate it
on the second proof technique. Given two processes P and @, and a relation R, to decide
if (P,Q) e=(R")"=:

1. compute NR(P) and NR(Q), yielding NR(P) = (vip)(NR(P)) and NR(Q) =
(vFq) (NR(Q)):

2. pick (Py, Qo) € R, and compute as above Py = (v@p,) (Fy) and Qy = (vTg,) (Qo);
if any of the checks below fails, go back to point 2 with another pair (P,, Qo) of processes;

3. use (i) to compute o’ s.t. (NR(P))=qn,(Py)o’, and proceed similarly for o”;

4. find V; and V; and extend ¢’ and ¢” so that (i) and (#) hold.

Steps 1 and 2 use the normalisation function of Section 1; the difficulties are concen-
trated in step 3, where we have to derive matchings between two bodies of processes, and
infer the corresponding substitutions on free names. Indeed, in our mathematical reason-
ing, we treat process bodies as parallel compositions whose components can be implicitly
rearranged the way we want (see above). When it comes to implementation, however, we
have to front the question of the ordering of parallel components, which is not an easy task.
Consider for example the case where (NR(P)) =!z | ly | T and (FPy) =!y | !z | Z: here the
two bodies can be matched together. While we can decide that the T component comes
after the replicated input components, because we can distinguish these subterms “struc-
turally”, we have not been able to define a canonical ordering for the parallel composition
'z | ly. Indeed, this order on processes should be invariant under injective substitution on
free names (a proof technique that is involved in all our checking methods). Therefore, we
cannot find an easy way to ordinate two processes that are equal up to some renaming,
and we are compelled to introduce some combinatorics on the lists of parallel components
of a process. In our example, we have to take into account the two possible orderings of !z
and !y in order to infer the matching between (NR(P)) and (Pp).

Similar problems arise in the treatment of the most powerful proof technique, corre-
sponding to Proposition 2.8. In that case, we do not infer a simple matching to insure
conditions (i) and (i), but rather have to establish simultaneously a property of matching



and a property of structural inclusion (akin to [EG98]), meaning that a process is a subpart
of a parallel composition (to isolate process T').

3 An Implementation

3.1 The Tool

We present a prototype implementation of the methods described in the latter Section,
under the form of a tool for checking bisimulation using the up to techniques. This tool,
written in O’Caml, allows the user to define a pair of processes, choose an up-to technique
among those studied above, and try to prove bisimilarity using this technique. In the
case where the proof succeeds, the corresponding bisimulation relation is displayed; if the
processes are not bisimilar, some kind of diagnostic information is given to the user to
justify the failure (and hopefully help him make another attempt). Other features, like
the computation of the normal form of a process and the interactive simulation of the
behaviour of a process, are also provided.

Note that the tool allows the user to check also weak bisimilarity (written =), that
is defined by replacing Q@ % Q' with Q = Q' if p = 7, with Q =5 = Q' if u # 1,
in Definition 1.4, where = denotes the reflexive, transitive closure of — . All the up-to
techniques we have studied, as well as our results, extend directly to the weak case.

The algorithm To each proof technique F we have seen in Section 2 corresponds a
decision procedure decide r, given by the characterisations of Propositions 2.4, 2.6 and 2.8.
Our “bisimulation up-to F” checking function bisimz (defined on Figure 4) takes three
arguments: a relation R and two processes P and (), and returns an up-to F bisimulation
relation extending R that contains (P, Q). This functions follows Definition 1.5, trying to
build up an up-to bisimulation until it reaches a fixpoint. Its correctness derives from the
soundness of the closure functions we apply to relations, as proved in [San95]. Of course,
our algorithm is not complete, since in the case where the candidate bisimulation relation
we generate keeps growing even up to the techniques we use, the program enters an infinite
loop.

3.2 Examples

o (vb)(b.a(z).® | la(t).t | ') ~ la(x).7 | (ve) ('€ | !c): in the proof of this result, the
normalisation algorithm erases each copy of a(x).Z that is generated after a communication
over b takes place in the left hand side process. We show a simple session, where the user
defines the left and right processes (commands Left and Right), asks the system to print
the pair of processes (command Print), and checks bisimilarity (command Check):

> Left (°b) (!b.a(x).x[] | talt).t[1 | 'b[] )
> Right !a(x).x[0 | (Cc)(lcll | !c)

> Print

The pair is



To compute bisimg(R, P, Q):
e (parameter: R) pick a transition P % P’ of P, and compute Q. ={Q.Q 5 Q')

- use decider to check if any of the elements of (), satisfies P'F(R)Q'. If such an
element can be found, loop to another transition of P, leaving R unchanged;

- otherwise, pick a ' € @, and make the recursive call bisimrz((P', Q') :: R, P, Q');
if this call succeeds, yielding R’, loop to another transition of P with R’, otherwise pick
another ' € @),; if all the recursive calls to bisimy fail, fail;

e proceed similarly with the transitions of Q.

Figure 4: The checking algorithm

(Cb)(Mb.alx).x[1 | ta(e).t01 | 'pll) , (ta(x).x[0 | (Ce)(tcll | !c)))
> Check
Yes, size of the relation is 1

(Cp)(*b.alx) .x[1 | tale).tll | 'p[]),(Cc)(te | ta(x).x[] | !cll));

The syntax for processes is rather intuitive; we use ~ for restriction and square brackets
for emission. Both processes are weakly bisimilar to !a(z).7; here the user uses command
Switch to toggle the bisimilarity checking mode (from strong to weak):

> Print

The pair is

(Cb) (tb.a(x).x[1 | taCe).t[] | !bll) , ta(x).x[D)
> Switch

Checking mode is weak, verbose mode is on.

> Check

Yes, size of the relation is 1

(CB)('b.alx).x0 | talt).t[1 | 'bl]),talx).x[1);

e Another law, which is a straightforward instantiation of the so-called replication
theorems, that express the distributivity of private resources: (va) (la(x).z | 'ab | lac) ~
(va) (la(z).@ | lab) | (va) (la(z).7 | Yab) (processes !ab and !ac can either share a common
resource !a(z).T - that sends a signal on the name it receives on a -, or have their own copy
of this resource; note the shape of the normal form for the right hand side process):

> Check

Yes, size of the relation is 1

((Ca)(ta(x).x[1 | talcl | talbl),

(te?)(ta) (ta(x).x[0 | te’(x).x[1 | talcl | te’[bl));



Conclusion

We have developed some methods to automatically check bisimilarities between m-calculus
processes, and shown their expressive power on a prototype implementation®. Our sys-
tem is rather elementary, and cannot be compared as it is with other similar tools (like
the Mobility Workbench [VM94], which is probably the closest to ours, Cesar/Aldebaran
[FGK™196], the Jack Toolkit [ASS94|, or the FC2tools package [AAVS96]). However, the
possibility to reason on infinite states processes is specific to our tool?, and represents an
important feature in terms of expressiveness.

Our system can be made more robust by enriching the syntax (e.g. adding definitions
of agents and the choice operator), and improving the bisimulation checking method (this
means in particular modifying our algorithm to adopt a breadth-first strategy, instead of
making “blind” recursive calls to the general bisimulation checking function. This would
insure some kind of “computational completeness”: if a finite up-to bisimulation relation
exists, we find it after a finite number of steps).

Completeness of our methods is a key theoretical issue, as it is directly related to the
understanding of the expressiveness of our system. One is interested in defining a class
of terms (containing some infinite states processes) for which our algorithm is a decision
procedure for bisimilarity. Let us explain informally where the difficulties come from: the
key point is the up to parallel composition technique, that gives the possibility to reason
with replicated terms. This technique is used to cancel common parallel components in
two processes right after a transition has taken place. For example, take a process of
the form la(b).P, liable to perform the transition !a(b).P O, pr = la(b).P | P;
suppose P ~ @, which implies () ﬂ Q' intuitively, the idea is that one should be able to
cancel P;__ both in P' and Q' (if we want to prove P ~ ()), otherwise P" and @' could do

the transitions M , M, ..., and the relation would keep growing ad infinitum. This

phenomenon actually restricts considerably the freedom in the definition of the terms we
can manipulate (hence the simplicity of the examples of Section 3), and it seems indeed
that the up to parallel composition proof technique cannot be used as a brute force tool
to prove bisimilarity results between infinite states processes. On the contrary, the idea
is rather to use the automation of the up to techniques to wverify a proof on paper, once
we know that the up to techniques apply. Following this approach, work is in progress
to adapt our methods to open terms [Ren97, Sim85|, in order to be able to prove not
only bisimilarity results, but also general bisimilarity laws (like for example the so-called
replication theorems).

Another interesting direction could be the mechanisation of the proofs of this paper,
reusing the work of [Hir97|, which could allow one to extract a certified bisimilarity checker.
Some more work has to be done in order to make these proofs tractable for the purpose of

and

=

2A beta version of the tool is available at http://cermics.enpc.fr/~dh/pi/
3We are aware of some efforts regarding the implementation of the up to techniques within the CONCUR
project, but do not have details about the focus of this study and its outcome.



a theorem prover formalisation.

Acknowledgements Many thanks go to Michele Boreale for constant help during this
study, as well as to Davide Sangiorgi for introducing the theoretical basis of it, and for
insightful discussions.

References

[AAVSI6]

[ASS94]

[EGIS)

[FGK*96]

[Hir97]

[Hiros)

[Milo1]

[PS96]

[PT87]

[Ren97]

A.Bouali, A.Ressouche, V.Roy, and R.de Simone. The FC2 Toolset. demo
presentation at TACAS'96, AMAST’96 and CAV’96, 1996.

A.Bouali, S.Larosa, and S.Gnesi. The integration project in the JACK Envi-
ronement. EATCS Bulletin, (54), 1994.

J. Engelfriet and T. Gelsema. Structural Inclusion in the pi-Calculus with
Replication. Report 98-06, Leiden University, 1998.

J.-C. Fernandez, H. Garavel, A. Kerbrat, R. Mateescu, L. Mounier, and
M. Sighireanu. Cadp (caesar/aldebaran development package): A protocol val-
idation and verification toolbox. In Proceedings of CAV’ 96, volume 1102 of
LNCS - Springer Verlag, pages 437440, 1996.

D. Hirschkoff. A full formalisation of m-calculus theory in the Calculus of Con-
structions. In Proceedings of TPHOL’97, volume 1275, pages 153-169. LNCS,
Springer Verlag, 1997.

D. Hirschkoff. Automatically Proving Up-to Bisimulation. Technical Report
98-123, CERMICS, Champs sur Marne, March 1998.

R. Milner. The polyadic m-calculus: a tutorial. Technical Report ECS-LFCS-91-
180, October 1991. Also in Logic and Algebra of Specification, ed. F. L. Bauer,
W. Brauer and H. Schwichtenberg, Springer-Verlag, 1993.

M. Pistore and D. Sangiorgi. A partition refinement algorithm for the -
calculus. In Rajeev Alur, editor, Proceedings of CAV ’96, volume 1102 of LNCS,
1996.

R. Paige and R. E. Tarjan. Three partition refinement algorithms. SIAM
Journal on Computing, 16(6):973-989, 1987.

A. Rensink. Bisimilarity of open terms. In C. Palamidessi and J. Parrow,
editors, Erpressiveness in Concurrency, 1997. also available as technical report
5/97, University of Hildesheim, may 1997.



[San95]  D. Sangiorgi. On the bisimulation proof method. Revised version of Techni-
cal Report ECS-LFCS-94-299, University of Edinburgh, 1994. An extended
abstract can be found in Proc. of MFCS’95, LNCS 969, 1995.

[Sim85]  R. De Simone. Higher-level synchronising devices in Meije-SCCS. Theoretical
Computer Science, (37):245-267, 1985.

[SM92]  D. Sangiorgi and R. Milner. Techniques of “weak bisimulation up to”. In CON-
CUR ’92, number 630 in LNCS, 1992.

[VM94]  B. Victor and F. Moller. The Mobility Workbench — a tool for the 7-calculus.
In D. Dill, editor, Proceedings of CAV’94, volume 818 of LNCS, pages 428-440.
Springer-Verlag, 1994.



State Spaces of Object-Oriented Petri Nets

Vladimir Janousek Tomé&s Vojnar

Department of Computer Science and Engineering, Technical University of Brno
Bozetéchova 2, CZ—612 66 Brno, Czech Republic
e-mail: {janousek,vojnar}@dcse.fee.vutbr.cz

Abstract

This paper looks at object-oriented Petri nets, and considers the problem of
analysing the state space, which in general distinguishes according to instance names
of objects. It is proposed that most analysis can be done using a name-abstracted
state space.

1 Introduction

Petri nets are a successful formalism which allows modelled systems to be described in
a graphical way and, what is more, they offer a possibility of formal analysis of models
based on them. However, basic Petri nets suffer from the lack of structuring. On the
other hand, object-orientation provides a very powerful way of structuring programs and
models. So, it should be advantageous to join these two approaches and obtain a modelling
paradigm which would combine their advantages. In fact, several attempts to combine
objects and Petri nets have already been done—see e.g. [LK94, SB94, Val96, CJ97].

In this article, we will describe some results of our research on state space analysis
methods for models based on object-oriented Petri nets (OOPNs). By OOPNs, we will
understand the formalism developed at the computer science department of TU Brno and
connected to the tool PNtalk [CJV97]. This formalism is quite similar to the one of
C. Sibetin-Blanc [SB94|, from which our OOPNs differ mainly in describing classes by
more than one net, since every OOPN class has one object net and several method nets.

In the following, we will focus especially on the problem of identifying objects and
running methods and its impact on the notion of OOPN5s’ state spaces. We suppose the
information about particular values of identifiers of objects and running methods to be an
implementation detail, which should be abstracted away when defining states of running
OOPNSs. Therefore we will define the notion of name-abstracted state spaces, which can
be subsequently used as a basis for adapting the concepts of occurrence graph analysis, as
introduced by K. Jensen in the context of CPNs [Jen94], for the domain of OOPNs.

Problems with performing formal analysis connected to identifying dynamically ap-
pearing and disappearing instances of nets arise, however, not only in the area of the



OOPNSs considered in this article, but they concern other object-oriented Petri net-based
formalisms as well. Furthermore, we cannot get rid of these problems simply by using an
algorithm for transforming object-oriented nets into plain high-level nets, as it was sug-
gested e.g. in [SB94, LK94]. This is because in resulting nets there must appear a place
or a construction generating identifiers which then become a distinguishing part of tuples
representing tokens of originally different net instances folded together. Thus the problem
of naming is carried into the domain of non-object nets and must be solved within their
analysis process.

The remainder of this article begins with a short introduction to OOPNs, followed
with a concise review of the key concepts of their formal definition. Then we discuss the
above sketched questions connected to the notion of OOPNSs’ state spaces. We conclude
the article with a suggestion of adopting Jensen’s occurrence graph analysis methods for
the area of OOPNs and we also briefly mention some other topics to be considered in the
area of OOPNs’ analysis in future.

2 The Basic Principles of OOPNs

The OOPN formalism' is characterized by a Smalltalk-based object-orientation enriched
with concurrency and polymorphic transition execution, which allow for message send-
ing, waiting for and accepting responses, creating new objects, and performing primitive
computations.

OOPNSs are based on viewing objects as active servers which offer reentrant services to
other objects. Services provided by objects, as well as independent activities of objects, are
described by Petri nets—services by method nets, object activities by object nets. Tokens
in nets represent references to objects.

An OOPN consists of Petri nets organized in classes. Every class consists of an ob-
ject net describing the internal activity of objects of this class and a set of dynamically
instantiable method nets describing how these objects respond to messages. All method
nets of a given class share access to the appropriate object net (places of the object net
are accessible for transitions of method nets). Each method net has parameter places and
a return place. Class inheritance is defined by the inheritance of object nets?, together
with sets of method nets®. Classes can also contain predicate methods which allow for
atomic testing their objects’ states without any side-effects.

Every object is either trivial (e.g. a number or a string) or it is an instance of some
Petri net-described class consisting of one instance of the appropriate object net and several
currently running instances of method nets. When an object receives a message, a new
instance of the corresponding method net is created, parameters are put into the parameter
places and the instance of the method net is being executed concurrently with all other

'A more detailed informal description of OOPNs can be found in [CIV97].

2Inherited transitions and places identified by their names can be redefined and new places or transitions
can be added.

3The implementation of inherited methods can be changed and new methods can be added.



net instances until the return place receives a token. Then the value of the token in the
return place is passed to the message sender as the result of the requested service, and the
instance of the method net is deleted. Message sending and object creations are specified as
actions attached to transitions. Execution of transitions is polymorphic—invoked methods
depend on classes of message receivers which are unknown at the compile time.

class ascendant ----- . - --- message selector

\ b class
classname ----- . | ;L. parameter ‘
parameter place -----t--------\_ x ./ |~ Tttt - - -- predicate
S [ initial marking
method net -----+ - /
#e -1---- input arc

| e
transition guard ---- --output arc

return place ----{----"" return

testing arc --- - obje(;t net +--- transition action

Figure 1: A simple class demonstrating the notion of the OOPN formalism

3 The Key Concepts of the OOPN Formal Definition

The entire definition of OOPNs can be found in [Jan97]. Here, we will only rephrase its
basic ideas without making any effort to make this description formal and complete.

The definition distinguishes primitive and non-primitive objects. Non-primitive objects
are specified by their Petri net-described classes and have states which can be potentially
changed during the system evolution either by the objects’ own internal activity or by
executing their methods. On the other hand, primitive objects are constants, such as num-
bers, booleans, symbols, etc., which are simply available via their names. Their methods
are atomically evaluable and do not have any side-effects.

Let us suppose the existence of a universe U = CONST UNAME UCLASS, where
CONST is a set of primitive objects, NAME is a set of names intended for identifying
non-primitive objects which can be created and discarded dynamically at the runtime,
and C'LASS is a finite set of class names. The sets CONST, NAMFE, and CLASS
are pairwise disjoint. Elements of the universe are called atoms. Multisets of n-tuples of
atoms play the role of markings of places. Each class name ¢ € C'LASS has the domain
Dom(c) C NAM E which represents the set of all potential instances of this class. Domains
are pairwise disjoint. Let us further suppose the existence of a set of message selectors
MSG and a set of special message selectors MSGg, MSGs N MSG = (). Special message



selectors are reserved for special methods, such as the object identity operator ==, which
are atomically evaluable and do not depend on objects’ states—they work over objects’
names only.

Next, let us have a look at the inscription language. Expressions of this language are
either terms (i.e. constants, names of classes, or variables from some set VVAR), message
sending constructions eg.msg(ey, g, ...,en), where e; is a term and msg™ € (MSG U
MSG5) is a message selector with the arity m > 0, or formal sums of terms. Formal sums
of terms form arc expressions and evaluate to multisets of n-tuples. Message sending can
be used in transition guards and actions.

Depending on the message selector and on the class of the receiver, a message sending
expression can be interpreted in two ways. If the receiver is a primitive object, or if the
message selector is a special message selector, we speak about a primitive message sending
evaluation, which is interpreted as a function and has no side effects, i.e. it does not
change the state of any object and it works over constants and names only. Otherwise, we
encounter a non-primitive message sending evaluation which will change the state of the
running OOPN by launching a new method net instance.

The structure of OOPNs is defined as follows. An OOPN is a system of classes with
a particular initial class and some initial object with a predefined name. A system of classes
comprises a system of names and primitive objects and, for every class, a specification of
the structure of its instances. Over a system of classes, the inheritance relation can be
defined. A specification of the structure of instances of a given class consists of an object
net, a set of method nets, a set of predicates, a set of selectors corresponding to the method
nets and predicates, and, finally, a specification of possible names of instances of the object
net and method nets. Every class must imply the so-called system of nets, in which method
nets share places with the object net. A system of nets is defined as a set of nets whose
potential instances are identified in such a way that it is always apparent to which net
they belong. Object nets consist of places and transitions. Every place has some initial
marking. Every transition has conditions (i.e. inscribed testing arcs), preconditions (i.e.
inscribed input arcs), a guard, an action, and postconditions (i.e. inscribed output arcs).
Method nets are similar to objects nets but, in addition, every one of them has a set of
parameter places and an output place. Every predicate embodies a set of conditions over
places of the appropriate object net, a guard, and a set of parameters.

The specification of the dynamic behaviour of OOPNs is based on the definition of
net instances. Every net instance entails its identification (i.e. name) and a marking of
its places and transitions. A marking of a place is a multiset of n-tuples over constants,
class names, and object identifiers. A transition marking is a multiset of invocations.
Every invocation contains an identifier of the invoked net instance and a binding of the
input variables of the appropriate transition. An object is a system of net instances which
contains exactly one instance of the appropriate object net and a set of currently running
instances of method nets. A state of a run of an OOPN-based model corresponds to
a system of objects, i.e. to a set of up-to-date objects. States can be changed by events
corresponding to transition occurrences. There are four kinds of them: A (atomic action),
N (new object instantiation), F' (fork, i.e. new method net instance invocation), and J



(join, i.e. termination of the run of a method net instance). Every event is a 4-tuple
(e,id, t,b) including a specification e of its type (A, N, F, or J), the identifier id of the net
instance in which it occurred, the name of the transition ¢ it is bound to, and a binding b
of the variables of this transition. If an event (e, id,t,b) occurs in a state S and changes it
into a state S’, we speak about a step S[e,id,t,0)S’. The set of all systems of objects is
denoted as SO and the set of all events as E'V.

4 The Notion of the State Space of OOPNs

In this section, we will introduce the notion of OOPNs’ state spaces and we will very briefly
sketch how it can be used for adapting the Jensen’s occurrence graph theory to make it
work with OOPNSs.

We will start our discussion of the state space of OOPNs by presenting a modified
version of the definition of the (total) state space from [Jan97].

Definition 4.1

1. The set of systems of objects reachable from a given system of objects S
(denoted as [S) in the following) is the smallest set of systems of objects, such that:

(a) S €]S).
(b) If S" € [S) and S'[e,id, t,b)S" for some (e,id,t,b) € EV, then also S" € [S).

2. The (total) state space [Sy) of an object-oriented Petri net OOPN with an initial
system of objects Sy is the set of systems of objects reachable from the initial system
of objects Sy.

3. The notion of the set of systems of objects reachable from a given starting system
of objects can be easily extended to work with sets of starting systems of objects as
well. Suppose that we are given such a set of systems of objects S, then we can define

[S> = USGS[S>'

The total state space from the above definition differentiates even among systems of
objects differing only in the names of the involved net instances. However, is this really
necessary? It seems that not and that it is always possible to neglect concrete identifica-
tions of net instances by using a suitable renaming equivalence relation over systems of
objects. We can advocate this idea in the following way. Firstly, concrete names of net
instances cannot influence the future evolution of systems of objects in any way (apart
from renaming) because there is no possibility of accessing them. Furthermore, it also
does not appear to be sensible to differentiate systems of objects equal up to renaming
only because their histories cannot be made equal even when applying renaming. If we are
interested in one particular history of some system of objects, we can always subsequently
concentrate on it and ignore all other possible histories of the same system of objects (up
to renaming).



So using names of net instances appears to be an implementation detail which is nec-
essary to allow the manipulation with net instances and their relations, but the concrete
values of these names are not interesting from the point of view of analysing properties of
modelled systems. Therefore, in the following paragraphs, we will semi-formally describe
the renaming equivalence relation and exploit it for a subsequent definition of the name-
abstracted state space of an OOPN. The notion of the name-abstracted state space will
then serve as a basis for further considerations about evaluating properties of OOPN-based
models.

Definition 4.2 Systems of objects Sy, S, € SO are equivalent up to renaming (S; ~
Sy ), iff there exists a bijection I1 on the universe U, such that the following is true:

1. Yx € CONSTUCLASS : x =11(z), i.e. constants and names of classes are mapped
onto themselves.

2. For all net instance identifiers id involved in Sy (i.e. present in the marking of places
and transitions of Sy ):

(a) The nets corresponding to id in Sy and to its renaming I1(id) in Sy are the same.

(b) The marking of the corresponding places and transitions of the net instances
identified by id in Sy and Il(id) in Sy is the same up to the application of
the renaming 11 to all non-trivial objects in the marking of the net instance
corresponding to id in Si.

Remark 4.1 We will use the notation (S) to denote the equivalence class of elements from
SO which contains the element S. Normally, the notation [S] would be used but we will
reserve it for “high-level” equivalence classes over the name-abstracted state space. Such
equivalence classes can be defined by modellers or derived from specifications of symmetries.
We will further refer to the name equivalence classes of ~ over SO also as to the name-
abstracted systems of objects and we will be printing them by means of the “black board
alphabet”, i.e. S, Sy, etc. Finally, the quotient of SO by ~ will be written as SO, i.e.
SO. = SO\ ~.

Now we are ready to define the notion of the name-abstracted state space. Its elements
will be renaming equivalence classes of the set of states reachable from every possible
renaming of a given initial system of objects. So the name-abstracted state space can be
defined as the quotient of the corresponding total state space by ~ extended by taking into
account every renaming of the initial system of objects.

Definition 4.3

1. The name-abstracted set of systems of objects reachable from the given
name-abstracted system of objects (S) (denoted as [(S))~) is defined as the
quotient of [(S)) by the renaming equivalence relation ~, i.e. [(S))~ = [(S))\ ~.



2. The name-abstracted state space [(Sy))~ of an object-oriented Petri net with
the total state space [So) is defined as the name-abstracted set of systems of objects
reachable from the given initial name-abstracted system of objects.

Now it would be possible to show that the elements of a given name-abstracted state
space are complete equivalence classes of systems of objects from SO with respect to the
renaming equivalence relation, but we will omit the proof of this property.

Before proceeding further on we have to extend the notion of the renaming equivalence
in order to make it work also with events, i.e. transition occurrences. This step is necessary
for the definition of O-graphs of OOPNs which will be presented later.

Definition 4.4 FEvents Ey = (ey,idy,t1,b1) and Ey = (eq,idy, ta, bs) from EV are equiv-
alent up to renaming (FE, ~ E), iff there exists a bijection 11 on the universe U, such
that:

1. Yx € CONSTUCLASS : x =11(z), i.e. constants and names of classes are mapped
onto themselves.

2. For all net instance identifiers id involved in the event Ey (i.e. idy plus identifiers
of the non-trivial objects used in the binding by ), the nets corresponding to id in E;
and to its renaming 11(id) in Ey are the same.

The types of Ey and Ey are the same, i.e. e; = es.

The involved transitions are the same, i.e. t; = to.

S v e

The binding of variables by in Ey is the same as the one of Ey up to the I1-renaming
of the non-trivial objects involved in by.

Remark 4.2 We will use the notation (E) to denote the equivalence class of elements from
EV which contains the element E. Moreover, we will further refer to the name equivalence
classes of ~ over EV also as to the name-abstracted events and we will be printing them
by means of the “black board alphabet”, i.e. E, E;, etc. Finally, the quotient of the set EV
by ~ will be denoted as EV. in the following.

We should note that two events equivalent up to renaming can lead from the same
starting system of objects into two different final systems of objects even when taking into
account renaming. This is because in events there is information only about classes of the
involved objects, but not about their states. We can easily find a system of objects in which
the same place contains two objects of the same class, but in different states. Let these
objects be movable to another place by the same transition. Then, by using two events
equal up to renaming, we can immediately obtain two different final systems of objects.
However, this property of name-abstracted events should not cause any problems in the
forthcoming considerations.

Finally, we will define the notion of name-abstracted steps, finite occurrence sequences,
and infinite occurrence sequences. These three terms formalize relations between name-
abstracted systems of objects and name-abstracted events.



Definition 4.5

1. A name-abstracted step is a triple (S1)[(e,id,t,b))(Ss), such that (Sy),(S2) €
SO, (e,id,t,by € EV., and there exist S € (S1), S'" € (S2), and (e,id,t,b') €
(e,id, t,b), such that Sle,id’ t,b')S".

2. A finite name-abstracted occurrence sequence of the length n is a finite
sequence of name-abstracted steps S1[Eq)So[Es) ... Sp[En)Spii-

3. An winfinite name-abstracted occurrence sequence is an infinite sequence of
name-abstracted steps S1[E; )So[Es) .. ..

Remark 4.3 Note that we do not require name-abstracted steps to fulfil the following con-
dition: ¥S € (S1),S" € (Sa), (e,id',t,b") € {e,id,t,b) : Sle,id', t,0')S".

In the end of this section, we will show that the above defined name-abstracted state
spaces allow us to very simply adapt the theory of occurrence graphs proposed by K. Jensen
in [Jen94] for the domain of much more dynamic OOPNs. In fact, all the definitions
and propositions we have to formulate are just simple extensions of the original ones of
K. Jensen. We will demonstrate this on the definition of OOPNs’ full occurrence graphs,
which provide a basic representation of OOPNs’ name-abstracted state spaces.

Definition 4.6 (cf. Def. 1.3 of [Jen94]) The full occurrence graph of an OOPN,
which we will also denote as the O-graph, is defined as the directed graph OG = (V, A, N)
with vertices V', arcs A, and the node function N, such that:

1.V = [(So))~-
2. A={(S1,E,Sy) € V x EV_ x V| S1[E)S,}.
3. Va = (S1,E,Sy) € A : N(a) = (S4,Sy).

Because of space limitations, we will not continue discussing OOPNs’ O-graphs, but,
from their definition, it should be obvious that the subsequent definitions and propositions
working over them, such as proof rules or the notions of equivalences and symmetries, could
also be obtained as simple extensions of the ones defined in the context of the Jensen’s
CPNs.

5 Conclusions and Future Research

In the article, we discussed problems accompanying the notion of state spaces of object-
oriented Petri nets connected to the tool PNtalk, which, however, seem to arise also in
other Petri net-based formalisms exploiting dynamic instantiation of nets.

We have defined the notion of total state spaces of OOPNs which are so detailed that
even concrete names of net instances are important. Then we have argued that it is
probably not necessary to take into account particular names of net instances within the
appropriate systems of objects. Therefore we have suggested the notion of name-abstracted



state spaces. Name-abstracted state spaces have been proposed in such a way that all
concepts developed for the state space analysis of CPNs in [Jen94] should be applicable
also in the area of OOPNs. This has been demonstrated on the definition of O-graphs.
However, we hope that we will be able to adopt other concepts, such as SCC-graphs,
OE-graphs, OS-graphs, and the corresponding proof rules, in a similarly straightforward
way.

Nevertheless, there remain some problems concerning the state space analysis of OOPNs.
It is especially the problem of the complexity of testing systems of objects to be equivalent
up to renaming when building O-graphs. For the sake of implementing such an algorithm,
every name-abstracted system of objects can be represented by some concrete system of
objects which is a member of the appropriate equivalence class. Unfortunately, systems of
objects have the form of labeled oriented graphs and the test of their equivalence up to
renaming leads to their unification, which is, in general, exponentially hard in the number
of nodes and arcs. So we have to find some additional property of systems of objects which
would allow us to decrease the complexity of the tests of their equivalence up to renaming.
If it turns out that it is impossible to decrease the efficiency of the renaming equivalence
tests in the context of general OOPNs, we should try to propose a suitable subclass of
OOPNs which would allow it. If we e.g. restrict ourselves to using 1-safe OOPNs (i.e.
at most one object in every place instance and at most one invocation of every transition
instance at a time), we will probably be able to unify systems of objects with respect
to some suitable order over places and transitions and the renaming equivalence test will
become almost trivial.

Over the proposed name-abstracted state spaces, we would further like to propose
a suitable temporal logic for describing properties of OOPN-based models. This logic could
be similar to some of the logics proposed for non-object Petri nets, such as ASK-CTL for
CPNs [CCM96], but it should also allow modellers to express properties specific for the
object-oriented world, such as relations among objects, message sending, waiting for and
accepting responses, etc. For the proposed logic, we will have to develop a suitable model
checking procedure fighting the state space explosion in some way. Here, we can consider
using SCC-graphs or stubborn sets. Further, we should try to exploit the modularity of
OOPN-based models in some way, for example by using some analogy to the modular
O-graphs [CP95] or facilitating some kind of compositional reasoning, as e.g. the one
in [Kin97]. Here there will most likely appear new problems to be solved connected to
changing relations among net instances.

It is also necessary to create some computer support tool for the state space analysis
of OOPNs. But, it could be also interesting to try to use some existing tool for high-level
nets. Here, some transforming procedure would be necessary and it would be also vital to
implement some name-abstracting mechanism working over the resulting nets.
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Abstract

In the paper we investigate the role of Abelian groups in description of Petri nets and
transition systems. We study the extension of Petri nets based on generalising algebra
used in the dynamics of nets. We show that (partial) algebras embeddable to Abelian
groups play an important role in preserving some natural properties such as determinism
and commutativity of transition occurrences, state independence of the change caused by
transition occurrences, and advantages given by the state equation.

1 Introduction

Petri nets are one of the first well established and widely used non-interleaving models of
concurrent systems. Their origin arisies from Carl Adam Petri’s dissertation [Pet62] and the
later concept of vector addition systems [KM69]. Petri nets are popular and successfully used
in many practical areas.

A Petri net is given by a set of places representing system components, a set of transitions
representing a set of atomic actions of the system, and their relationship given by an input and
output function associating with each transition a multi-set over a set of places [Pet73, Pet81,
MM90]. A state of a net is a multi-set over the set of places called a marking. An occurrence
of a transition removes/adds tokens from/to the marking according to the input/output
function, respectively. A transition is enabled to occur iff in every place there are enough
tokens to fire. Labelled transition systems [Kel76] represent the basic interleaving model of
concurrency [WN95]. They may be described as a directed graph whose nodes are system

*The part of this work was done during the author’s visit at BRICS (Basic Research in Computer Science,
Centre of the Danish National Research Foundation) Department of Computer Science, University of Aarhus,
Ny Munkegade, DK-8000 Aarhus C, Denmark.



states and arcs, called transitions, are labelled by elements from a set of labels representing
a set of atomic actions of the system. For a Petri net, the related transition system, called
sequential case graph, is the graph whose nodes are markings of the Petri net and whose
arcs are labelled by transitions of the Petri net. Thus, one should remember that the term
‘transition’ is used in Petri nets in the different meaning from transition systems.

A lot of effort has been put into the abstraction (see e.g. [Win87, MM90]) and extension
of Petri nets. One can extend Petri nets by modifying the transition enabling rule in order
to have a more expressive model, for example we can mention nets with inhibitor arcs that
allow testing of zero markings [Pet81, JK91]. Others can introduce types of tokens, such nets
are commonly called high level nets [JR91]. From a purely modelling point of view, high level
nets may be viewed only as a more comprehensive model, that can be described by several
low level nets.

The main advantages of Petri nets consist of the fact that they grant a well arranged
graphical expression of the system as well as a simple model in the form of a linear algebraic
system. Petri nets have several important properties:

e the occurrences of transitions are deterministic;

e the occurrences of transitions are commutative in the meaning that if two sequences of
transitions with the same number of occurrences of single transitions are enabled in a
marking then their occurrences lead to the common new marking;

e and, finally, the occurrences of sequences of transitions are consensual in the meaning
that if the occurrences of two sequences of transitions in one state (marking) lead to
the common new state, then they lead to the common new state from every other state
in which both sequences are enabled to occur.

However, there are some behavioural limitations of Petri nets. Take, for example, the
labelled transition system S with three states {si,s2,s3} and just one label, i.e just one

atomic action ¢, given as follows:
S1
t

§9 ——— = 83

Clearly, there does not exist any Petri net whose sequential case graph is (isomorphic to) the
given transition system &, because for an arbitrary set of places P all nonzero elements of the
free commutative monoid over P have infinite order. In other words, the system S cannot be
(directly, i.e. using just one transition) modelled by any Petri net.



This leads us to an interesting question: Can Petri nets be extended to model wider
class of systems including such systems as S, while preserving the advantages and properties
mentioned above, i.e. determinism, commutativity and consensuality of occurrences of tran-
sitions? And if yes, which class is the biggest class of systems that can be described as those
extended Petri nets? The answer is related to the algebra used in the Petri net dynamics.

Starting with the very general setting, in this paper we study the possibility of extension
of Petri nets with the aim of preserving properties of commutativity and consensuality of
occurrences of transitions. After we show that existing extensions generally do not preserve
these properties, we show that using of a (partial) algebra that can be embedded to an Abelian
group is the limitation of those efforts.

2 Petri nets - the state of the art

In the first subsection of this section we review basic formal definitions of place/transition
nets (p/t nets) and labelled transition systems. Then we deal with some extensions of p/t
nets found in the literature.

2.1 Basic definitions

Before the defining of Petri nets, let us first define some notation.

We use Z to denote integers, Z™ to denote positive integers, and N to denote nonnegative
integers.

Moreover, we also shortly write Z to denote the infinite cyclic group of integers with addi-
tion (Z,4+), and N to denote the commutative monoid of nonnegative integers with addition
(N, +).

Given two arbitrary sets, say A and B, symbol B4 denotes the set of all functions from
A to B. Given a function f from A to B and a subset C of the set A we write f|¢ to denote
the restriction of the function f on the set C.

To denote the free commutative monoid over a set A, i.e. set of all multi-sets over A with
multi-set addition we write (N, +) or shortly N4. Let N4, = {b|be N4 A |4,| € N}, where
Ap=1{a|a€ A A bla) # 0} is a subset of the set A mapped by function b € N* to non-zero
integers, i.e. Ay is the set of elements from A that are contained (occur at least once) in the
multi-set b. So, N?m is the set of all finite multi-sets over the set A. Clearly, (N?m, +|Nfin xN;‘in)

is a submonoid of the monoid (N*, +). Similarly, to denote the free Abelian group over a
set A we write (Z“4,+) or shortly Z4. Let Zfin ={b|beZ* A |Ay| € N}, where 4, is
given as previously. Evidently, (Z?maﬂz;‘. <74 ) is a subgroup of the free Abelian group
(ZA,+). As usual, we write only (N?inﬂ—) or shortly NAm instead of rather complicated
(N?in, +|N?in XN?M); and (Z;‘m, +) or shortly Zfin instead of (Z?m, +|Z?inXZ?in)' Notice that



if the set A is finite, then N4 = Am and Z4 = Z?m.
As one may see from the previous notation, we often use the symbol + in the paper univer-

sally to denote a binary operation, i.e. we use the symbol + for different operations.

According to the previous section, in algebraic form Petri nets (place/transition nets or
shortly p/t nets) [Pet73, Pet81, MMO90] are defined as follows:

Definition 2.1.1 A place/transition net is an ordered tuple N = (P,T,I,0), where P and
T are non-empty distinct sets of places and transitions; I : T — N is an input function;

O : T — NP is an output function. A marked place/transition net is an ordered tuple
MN = (N, My), where N is a p/t net; and My € N is an initial marking.

A state of a p/t net called marking and denoted by M is a multi-set over P, i.e. an element
of NP, The dynamics of the net is expressed by the occurrence (firing) of enabled transitions.
A transition ¢ € T is enabled to occur in a marking M € N iff Vp € P : M (p) > I(t)(p), i.e.
iff 3X € NP : X + I(t) = M € NP, Occurrence of an enabled transition ¢ € T’ in a marking
M then leads to the new marking M’ given by M’ = X + O(t) for the X € N such that
X +1I(t) =M, i.e. to M' =M + O(t) & I(t).

It is sometimes usual to restrict the multiplicity of places (number of tokens) in a p/t net
by a capacity. So we have:

Definition 2.1.2 A p/t net with capacity is an ordered tuple KN = (N, K), where N' =
(P,T,1,0) is a p/t net and K : P — N U {00} is a capacity function.

The capacity function restricts the set of markings and the enabling rule as follows. Given
a KN = (N,K), a marking M of N is a marking of KN iff Vp € P : M(p) < K(p), and
therefore a transition ¢ € T is enabled to occur in a marking M of KN iff Vp € P : (M(p) >
I0m) A (M) + 0@ (p) SIH)p) < K(p))-

Clearly, the class of all p/t nets is a subclass of the class of all p/t nets with capacity,
where K (p) = oo for each p € P in a p/t net.

At this point we recall the definition of labelled transition systems [WN95]:

Definition 2.1.3 A labelled transition system is an ordered tuple S = (S, L,<—), where S
is a set of states, L is a set of labels and < C S X L X S is a transition relation.

The fact that (s, a,s') € < is written as s <= s’. Denoting by L* the monoid of all finite
strings of labels from L with concatenation, it is obvious to extend the transition relation to
string transition relation <—,C S x L* x S as follows: (s,q,s") €&, whenever there exists
a, possibly empty, string of labels ¢ = aj...a, such that s &5 s;--- &5 /. To denote
(s,q,5") € o, we simply write s <, /. Clearly, s &, s’ &5, s = s &5, §". As



usual, we also write s <>~ and s &, to denote that there exist s € S such that s < s’ and
sebs, 8 , respectively. A state s’ is said to be reachable from a state s, iff there exists a string
of labels ¢ such that s &, §'. Given a state s € S , the set of all states reachable from s is
denoted by {s ©—,}. A labelled transition system is said to be reachable iff every s’ € S is
reachable from a fixed state s € S (i.e. Is € S: {s ©=>,} = 5). A labelled transition system
S = (S, L, <) is called deterministic iff Vs &5 s/, s & 57 : 5" = 5.

Definition 2.1.4 A pointed labelled transition system is an ordered tuple PS = (S,i) where
S = (S, L,s—) is a labelled transition system; and i € S is a distinguished initial state such
that {i &>} = S, i.e. every state is reachable from 1.

Now it is straightforward to see that each p/t net A" can be associated with a deterministic
transition system.

Definition 2.1.5 Let N = (P,T,1,0) be a p/t net. Then the labelled transition system S =
(NP, T, &) such that M S M' < (t is enabled to occur in M and M' = M—i—O(t)(:)I(t))

is called sequential case graph of the p/t net N'. Given any marking My € NP the pointed
labelled transition system PS = ({My <.}, T, N {My >} x T X {s S}, My) is
called sequential case graph of the marked p/t net MN = (N, Mp).

As follows, for a finite sequence ¢ = a; ...a, over a set A we write b, to denote Parikh’s
image of ¢, i.e. by € N4 is a multi-set in which the number of the occurrences bg(a) of each
element a from A is given by the number of its occurrences in ¢, formally by(a) = |[{i | ¢ €
{1,...,n} ANa; = a} for every a € A.

Moreover, given a function f : T — Z", we denote by f the linear Z-extension of the
function f, i.e. we have f : me — ZF is such that Vb € me : f(b) = > et f(t)-b(t), where
naturally the sum of empty set is zero-function, i.e. we define f (0) = 0. In other words, for
finite sets P and T, f may be understood as a ‘matrix’ whose rows are values f(¢), and then,
for given ‘vector’ b, value f (b) represents the result of standard multiplication of the ‘matrix’
fby ‘vector’ b.

Properties of the free Abelian group Z* over the set P enable us to write M’ = M +C (bg)
whenever M &5, M'. Moreover, existence of a solution of the equation ¢ Y)=M &M
in N};n is a necessary condition of reachability of M’ from M. The solution Y € N};n then
determines the number of transition occurrences that lead from M to M’'. One usually calls
the equation M' = M + C(Y) or M' = M+ O(Y) <I(Y) a state equation of p/t
nets and Y € Fin & firing vector. Thus, in the p/t nets and their sequential case graphs the
change of the state is invariant on the order of transition occurrences and depends only on
the number of their occurrences.

In this place we give a definition of elementary nets, because they represent a natural
example of nets in which a partial groupoid, namely the powerset 27 of the set of places P
with distinct union W as the partial operation, is used.



Definition 2.1.6 An elementary net is an ordered tuple EN = (P,T,I,0) where P and T
are disjoint sets of places and transitions and I,0 : T — 2F are input and output functions.

A marking of an elementary net EN is a subset of P. A transition ¢ € T is enabled to
occur in a marking M € 2P if X C P: X WI(t) = M A X NO(t) = 0 and then its
occurrence leads to the marking M’ = X W O(t). Clearly, one can see the class of elementary
nets as a special subclass of p/t nets with capacity, where the capacity of each place is equal
to 1 and values of the input and output function I(¢)(p), O(t)(p) € {0,1} for every ¢t € T and
p € P.

2.2 Extensions

In this section we deal with some abstract generalisations of p/t nets found in the literature.
One of the first successful abstractions of p/t nets can be found in the paper [MM90], based
on the idea suggested in [Win87].

There the theory is built over definition 2.1.1. For our purpose the paper is important by
the fact that, to our best knowledge, it first proposes a generalisation of the p/t net algebra.
As possible algebra there are suggested commutative monoids (the category of p/t nets with
such assumption is called GralPetr: in [MM90]), and generally semimodules.

According to [MM90], for objects of GralPetri we have that markings are elements of
a commutative monoid (E,+), i.e. M € E and functions I, O associate with each transition
an element of F, i.e. I,O : T — E. Then we have that a transition ¢ € T is enabled to occur
in a M € E iff there exists X € E such that X + I(¢) = M, and its occurrence leads to the
marking M’ such that M' = X + O(t).

Example 2.2.1 Given a set P = {a,b}, take for the domain of markings noncancellative
commutative monoid formed by the power set of P with standard union, i.e. (2F,U). Let
T = {t},I(t) = {a,b},0(t) = 0, and My = {a,b}. Then we have that occurrence of ¢ in M
leads to M’ such that M' U {a} = M. From the following figure with the sequential case
sequential graphs of such a net we can see that occurrence of ¢ is non-deterministic, e.g. in
{a,b} it may lead again to {a,b}, but also to 0, {a} or {b}.
t
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The idea given in [MMO90] is further generalised in [EPR94] and [Pad96]. The algebra

considered is generally a commutative semigroup. So, according to [Pad96] abstract Petri
nets are given an follows:



Definition 2.2.2 A net structure functor is a composition G o F', where F is a functor from
the category of sets to the category of commutative semigroups and G is his right adjoint.
Given a net structure functor G o F, a low level abstract Petri net is a tuple (P,T,I,0),
where P and T are sets of places and transitions, respectively, and I,O are functions from T
to Go F(P).

A marking of a low-level abstract Petri net is an element M € F(P). Because of the
properties of adjunction, for each f : T — G o F(P) there exists a unique extension f :
F(T) — F(P). Then the enabling rule and occurrence of “transition vectors” are defined as
follows: given a “transition vector” v € F(T), it is said that v is enabled to occur in M iff
there exists X € F(P) such that X +I(v) = M, and then the occurrence of v leads to the new
marking M’ given by M’ = X + O(v). [Pad96] mentions the possibility of non-determinism
caused by non-unique solutions of the equation X 4 I(v) = M. It is solved by specifying
additional conditions.

Example 2.2.3 Recall, that in [Pad96] a net, where F'(P) = P(P) is the standard powerset
functor mapping a set to its power set with union, is called unsafe elementary net. The
problem of non-unique solution of the equation X UI(v) = M is solved by demanding distinct
union in the equation.

Now, take again as in the previous example P = {a,b}, and an algebra of the net (27, U).
We have for a marking M that M € 2F, i.e. M € P(P). Let us consider that we use only
distinct union in equation X U I(t) = M, so we have that a transition ¢ is enabled to occur
in M iff exists X € 2F such that X W I(t) = M. One may easily rewrite this for a v € P(T).
Let T' = {t1,to,t3,t4}, let I(t;) = {a}, I(t3) = {b},O(t2) = {a},O(t4) = {b} and let every
other value of input and output function be equal to empty set. Using the terminology from
[Pad96], we have an unsafe elementary net. So, we have that the occurrence of a transition in
M leads to M’ such that for 1 : M'W{a} = M; for to : M' = M U{a}; for t3 : M'w{b} = M,
for t4 : M' = M U {b};

to ta
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As we can see from the previous figure with the sequential case graph of the net, although
demanding in the equation X W I(t) = M distinct union in order to remove non-determinism,
we have that, for example, the sequence of transitions tot1t3 changes the marking {a, b} to the
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marking ), but the occurrence of the sequence of transitions ¢1¢3to change the same marking
{a,b} to the marking {a}. In the notions of “transition vectors” we have that the sequence
of “vectors” vw, where v = {t1,t3} and w = {t3}, changes {a,b} to 0 but wv changes the
{a,b} to the marking {a}. This generally means that using noncancellative commutative
monoids as Petri net algebra, change of the state can depend on the order of the transition
occurrences, i.e. commutativity of transition occurrences (if enabled) is not satisfied! However,
the commutativity is just the property that permits overcoming sequentiality in Petri net
computations!

One could note that strictly formally power set with distinct union is a partial commuta-
tive semigroup, although in definition 2.2.2 according to [Pad96] a full commutative semigroup
is required. Also generally, taking a noncancellative commutative monoid, the computation
through sequences of firing vectors may differ from the computation through the composition
of “firing vectors’, e.g. in the case of example 2.2.3 (when the net functor associates the set of
transition with its powerset with union) the sequence of “vectors” vw, where v = {t1,t3,t2}
and w = {t1} changes {a,b} to § but v Uw = v changes the {a,b} to the marking {a}.

3 Extension of p/t nets, transition systems and Abelian groups

Based on the extensions discussed in the previous section, in this section we suggest a very
general algebraic structure of nets for the purpose of investigating different extensions and
their relationship. Then we choose a tuple of properties that holds in the sequential case
graph of each standard p/t net. Further we show which kind of (partial) algebra, if it is
used in p/t net instead of integers with addition, preserves (is equivalent to) this tuple of
properties. In this general definition we do not pay attention to distributivity of p/t net, only
to the algebra used.

In the field of Petri nets, as we can see from the example of widely used elementary nets
where distinct union is used, one may use a partial binary algebra, i.e. a partial groupoid. In
order to cover also these cases, we will generally allow partiality of composition. As follows
we recall very basic definitions and notation from theory of partial groupoids (according to
[LE91]) used through the paper.

3.1 Partial binary algebra

Definition 3.1.1 A partial groupoid is an ordered tuple H = (H, L,+) where H is a carrier
of H, L C H x H is the domain of +, and +: L. — H is a partial operation of H.

Definition 3.1.2 We say that a partial groupoid H = (H, L,+) can be embedded (is embed-
dable) to an Abelian group iff there exists an Abelian group (G,+) such that H C G and the



operation + restricted on L is equal to the partial operation +, in symbols +|| = +. Group
(G,+) is called embedding of partial groupoid H.

Recall that a total groupoid is embeddable to an Abelian group if and only if it is a
cancellative commutative associative groupoid, i.e. a cancellative commutative semigroup.
Remember that a left cancellative semigroup is a semigroup where Ya,b,c € H : a +b =
a+c => b= c. In similar way is defined right cancellative semigroup. A semigroup is said to
be cancellative if it is both left and right cancellative. Clearly for a commutative semigroup
left and right cancellativity coincides. For more details about embedding of semigroups to
groups see e.g. [CP67]. In the case of proper partial groupoid (i.e. 1L C H x H), associativity,
commutativity and cancellativity are only necessary conditions of embeddability to an Abelian
group, but not sufficient.

3.2 Let’s start

First we define a very general net state functor. Let us denote the category of sets by SET
and the category of partial groupoids by PGROUPOID.

Further, let U : PGROUPOID — SET be the forgetful functor, i.e. given any partial
groupoid H = (H, L, +), we have U(H) = H.

Definition 3.2.1 A net state functor is a functor F' : SET — PGROUPOID associating
a set with o partial groupoid.

Definition 3.2.2 Given a net state functor F', an algebraically generalised place/transition
net is an ordered tuple AN = (P,T,1,0), where P and T are distinct sets of places and
transitions; and I,0O : T — U o F(P) are input and output functions, respectively.

The structure F(P) is called (partial) algebra of AN. As follows, let F(P) = (H, L, +).
A state of net AN, also called marking or case, is an element M € H = U o F(P). A
transition ¢ € T is enabled to occur in a state M € H if and only if 3X € H such that
X LIt) N X+1I(t) =M A X L O(t), and then its occurrence leads to the marking
M' =X +0(1).

Definition 3.2.3 As usual, a marked algebraically generalised p/t net is a pair (AN, My),
where AN is an algebraically generalised p/t net and My is a distinguished initial state of the

net AN

Definition 3.2.4 Similarly to standard p/t nets, sequential case graph of an algebraically
generalised p/t net AN = (P, T, I,0) with partial algebra F(P) is the transition system (U o
F(P),T,&—), where

M&Es M &3XeUoF(P): X LIOAX+HTI#)=MAX LOM)AM =X +0(t).



Then, given an initial state My € U o F(P), the sequential case graph of marked algebraically
generalised p/t net (AN, My) is the pointed labelled transition system ({My <.}, T, <
N A{My &4} x T x {My <.}, My).

It is evident that standard p/t nets from definition 2.1.1 are algebraically generalised nets
with the state functor associating the set of places P with the free commutative monoid over
P. Elementary nets from definition 2.1.6 are algebraically generalised p/t nets with the state
functor associating a set of places with the partial groupoid of its powerset with distinct
union. Finally, a p/t net with capacity KN = (P,T,I,0,K) (see def. 2.1.2) is a net with
F(P) = (", L = {(X,Y) | Vp € P : X(p) + Y(p) € {0,---, K(p)}}, & = +]1). Moreover,
algebra of standard p/t nets, and partial algebra of elementary nets and generally p/t nets
with capacity is embeddable to the free Abelian group Z7*.

As follows, we choose a tuple of properties, that holds in sequential case graph of each
standard (marked) p/t net given by definition 2.1.1. Then we find which kind of (partial)
algebra used in algebraically generalised p/t nets instead of integers with addition preserves
this tuple of properties.

Recall that given a sequence ¢ over a set A we write b, to denote Parikh’s image of ¢, i.e.
by € N4 is a multi-set in which the number of the occurrences bg(a) of each element a from
A is given by the number of its occurrences in q.

Definition 3.2.5 Let S = (S, L, <) be a labelled transition system. We say that system S
is commutative iff ¥V h S, s, h <, s by=0by =>s=5".

Evidently, the sequential case graph of the net from example 2.2.3 is not a commuta-
tive transition system. It is also clear that every commutative labelled transition system is
deterministic.

For commutative labelled transition systems it is straightforward to extend the string
transition relation <, to multi-set transition relation <—,C SXNLm x S such that (s,b,s") €

&5, iff there exists ¢ € L* such that s S, s’ A by = b. As usual, we write s @b—m s to
denote (s,b,5') € &, and s (i)b—><> to denote that 3s’' € S : s é’—)e s'. Clearly, s é’—)o s' (ib>—><>

§ = g ’0 s".

Remark 3.2.6 Recall that a congruence =~ on an Abelian group (G,+) is an equivalence
relation on G preserving the group operation, i.e. a b AN ¢~ d = (a+c¢) = (b+d)
for every a,b,c,d € G. As usual, given an element g € G, we denote by [g]~ = {¢' |¢' = g}
the equivalence class containing the element g, and by +,_ the operation on G /~ given as
follows: V[gl~,[9']~ € G/~ @ [9]x +/. [9']x = [9 + ¢l In other words, (G/x~,+/.) is the
factor group of the group (G, +) according to the congruence =. For a more general statement
of congruence we refer to [Ada83].



Definition 3.2.7 Given a commutative labelled transition system S = (S, L,<—), let relation
~g C N?m X NJLcm be such that b ~g b/ <= s (i)b—><> s, s <ib>—><> s'. Let =g C Z?m X Z?m be
the least congruence on Z?m containing ~g, 1.e. ~s C=xgs. We say that S is consensual iff

b 4
Vheses,hases :brgh =s=5.

As follows, we simply write ~ and = to denote ~g and =g if system § is clear from the
context.

Remark 3.2.8 We choose the name ‘consensual’ because it expresses a kind of ‘common
opinion’ of the multi-sets on the problem “how to change the state”. If they change a state in
the same way once (i.e. from common source state to common target state) then they do it
also for all other states (i.e. if they are in common source state and both can occur, then they
lead to the common target state again). Moreover, this ‘consensus’ is transitive and closed
under addition and subtraction of multi-sets.

Lemma 3.2.9 The sequential case graph (S,L,<—) of every standard place/transition net
N = (P, T,1,0) (given by def. 2.1.1) is commutative and consensual.

Proof
For the sequential case graph of a p/t net A~ we have from its definition: M &, M’ =
M' = M + C(b,) for every M &, M.

Commutativity: take any M &=, M, M &, M" such that b, = by. From previous we
have directly that M' = M + C(by) = M + C(by) = M" .

Now we show consensuality, i.e. we show that VM @b—m M' M é‘;—m M : b=V =
M' = M". Take 2C me X me such that b = ¥ <= C(b) = C(1). One can easily
check, that = is a congruence on Abelian group Z?m (clearly, it is an equivalence, and given
any C(b) = C(b') and C(d) = C(d') we have C(b) + C(b') = C(d) + C(d'), and further
C(b) +C V) = 2 4er C(1) - b(t) + 3 oser C(8) - V(1) = 3oyer C(2) - (b(t) + V(1)) = C(b+') and

the same for d,d’, i.e. we have C(b+b) = C(d+ d')).

Given any M &y MM (ab),—><> M" we have that if b = b, (i.e. C(b) = C(V') and therefore
M' =M +C(b) = M + C(¥) = M") then M’ = M".

Because =~ is the least congruence on Z?m containing ~, now it suffices to show that ~ C =.

For every b ~ ' we have from the definition of ~ that 3M @9—% M', M <:b>1—>0 M, i.e.
M =M+Cb)=M+COH)= C@)=C{), i.e. b=V O.

Lemma 3.2.10 Let § = (S,L,<—) be a reachable labelled transition system. Then S is
commutative and consensual if and only if there exists an Abelian group G = (G, +) that
holds: 3 an injection 0 : S — G A 3f : L — G such that ¥ s &= s' : o(s) + f(a) = o(s').



Proof
= Because = is a congruence on Abelian group ZJL%, also G = (Z?m/ ~»+/.) is an Abelian
group (it is a factor group of Z?m with respect to ~, so we have V b, b € Z?m b+ Vs =
[b]x +/. [0']~)- System S is reachable, i.c. we have a state, say r € S, from which each s € §
is reachable. Now, let o be defined as follows: o(r) = [0] and Vs € S : o(s) = [b]» where
r @g—m s. One can check that o is well defined (given any two b, such that r @g—m s as well
as r <&, s there is b ~ ' and therefore [bl~ = [V']~), and it is an injection (o(s) = o(s')
means that there exists r <y s and r &, s’ such that b~ = [b]~, i-e. b = b, which,

because S is consensual, implies s = ).
Let f: L — Zjém/% be given by f(a) = [bg]~ for every a € L.

Now take arbitrary s <= s', i.e. s (:b¥‘—><> s' . We have that o(s) = [b]n, where r (i)b—><> s. But

then we also have r 5%, s’ and therefore o(s") = [b+ba]x = [b]x +/x [balx = 0(5) +/. fla).
“= as in lemma 3.2.9.
0.

We showed that in a reachable transition system commutativity and consensuality is
equivalent to the existence of an Abelian group playing the role of algebra in the system.

As follows a system in which computations may be expressed using elements and the
composition law of an Abelian group is called Abelian group transition system.

Definition 3.2.11 A labelled Abelian group transition system is such a labelled transition
system 8 = (S,L,<—) that there exists an Abelian group G = (G,4+) that holds: 3 an
injection o : S — G A 3f : L — G such that Vs <= ' : o(s) 4+ f(a) = o(s'). The group
G = (G,+) is said to be associated with system S, the injection o is called state injection,
and the function f is called incidence function of S. If also f is an injection then it is said
that S is unambiguously labelled.

For algebraically generalised p/t nets there hold the following claim:

Lemma 3.2.12 A pointed transition system PS = (S, L,<—>,i) is a labelled Abelian group
transition system if and only if it is isomorphic to the sequential case graph of a marked
algebraically generalised p/t net MAN = (P, T,I,0, M) in which partial algebra F(P) can
be embedded to an Abelian group.

Proof
<= Let (G, +) denote an Abelian group to which the partial algebra F'(P) can be embedded.
Then it suffices to take f : T — G, f(t) = O(t)<I(t) for all t € T, to show that the sequential
case graph of M AN is an Abelian group transition system. O



—> We have an Abelian group (G,+) with a state injection o : S — G and an incidence
function f : L — G such that Vs <= 5" : o(s) + f(a) = o(s'). Without loss of generality, we
can assume that S C G A o(s) = s for every s € S, and hence V s <= 5" : s + f(a) = 5.
Let (K,+) be an Abelian group such that L C K. Now denote by (H,+) direct product
of (G,+) and (K,+) (i.e. (H,+) = (G,+) @ (K,+), and we write (g,k) to denote an
element of H, and 0 both for the neutral element of G and K). For every a € L let relation
L= ({s]| s &=} x {«a}) x ({f(a),0} x {a}) C H x H. Finally denote | = Ugez, L4. So we
have a partial algebra H = (H, L,+| ) which can be embedded to Abelian group (H,+). As
follows we write as usual + instead of +| .

Now take, for simplicity, the constant net state functor ¥ : SET — PGROUPOID that
associates with each set partial groupoid H (and with each function between sets the identity
morphism id : H — H).

Define an algebraically generalised net AN = (P, T, I,0), where P is an arbitrary set, T = L,
and I,0 : T — U o F(P) are given as follows:

Va € T:1(a) = (0,a) AO(a) = (f(a),a)

Let (H,T,—) be the sequential transition system of AN. From definition of L (only (s, <a) L
(I(a) = (0,a)) and (s,<a) L (O(a) = (f(a),a)) where s <, are in the relation 1) we
have that Va € TVX € H: X L I(a) = (X 4 I(a)) = (5,0) € S x {0} and also
X 1 O(a) = (X + O(a)) = (¢',0) € S x {0}. From the enabling and firing rule (recall that
a € T'isenabledin M € H iffexists X € H: X L I(a) AN X+1I(a) = MAX L O(a), and then
occurrence (firing) of a leads to M' = X +0O(a)), we have that — C (S x {0}) x T x (S x {0}),
or in other words = N((S x {0}) x T x (S x {0})). Because of the construction of 1 and
the enabling and firing rule, we further have that

Va €T VM €S x {0} : M = (5,0) > M' = (s/,0) <= s & (1)
From the definition of {(7,0) —,} we have that for every h € {(i,0) ~—,} there exists a,
possibly empty, string of transitions ¢ = ay ...a, € T* such that (4,0) N hy--- Nt h, = h.
Because — C (S x {0}) x T x (S x {0}), we have that {(i,0) —,} € S x {0}. On the

other hand, because {i <.} = S, we have that for every s € S there exists a, possibbly
empty, string of labels ¢ = a;...a, € L* such that i &5 s;--- &% s, = 5. From (1) we

Qn

further have that (i,0) NN (s1,0) -+ — (8p,0) = (s,0), i.e. we have S x {0} C {(7,0) —.}.
So, we get {(i,0) —4} = S x {0}. Directly from definition 3.2.4 we have that the pointed
transition system (S x {0}, T, —, (i,0)) is the sequential case graph of the marked algebraically
generalised p/t net MAN = (P,T,1,0,(i,0)), in which partial algebra F(P) is embeddable
to an Abelain group. Clearly, there is an isomorphism (given by bijection 3 : S x {0} —
S, B(s,0) = s for each s € S; and identity T = L) between the pointed transition system
(S, L,<—,i) and the sequential case graph (S x {0}),T, —, (i,0)) of the marked net MAN.
O

Remark 3.2.13 The importance of the group (K, +) in the above proof is that it enables



to maintain the cases, where some transitions cause the same change but the domains on
which they are enabled to occur differ. In particular, it allows to distinguish selfloops each
others and also from ‘no’ action in our construction. The consideration of possibly different
domains for transitions with the same effect gives real sense in the case of ambiguous labelling
of transition systems.

Finally, we can formulate the following theorem for marked p/t nets that directly follows
from lemma 3.2.10 and lemma 3.2.12.

Theorem 3.2.14 A pointed transition system S = (S, L,<—,i) is commutative and con-
sensual if and only if it is isomorphic to the sequential case graph of a marked algebraically
generalised p/t net MAN in which partial algebra F(P) can be embedded to an Abelian group.

We have shown properties corresponding to the use of partial algebra embeddable to an
Abelian group in Petri nets. Someone can choose a more general algebra (as a commutative
monoid, or something what can be embedded to a commutative monoid), but should be
prepared, that by doing this some of these properties can be lost (in the case of commutative
monoids, as we demonstrated on example 2.2.3, we might even lose commutativity!). This is
our main message.

4 Conclusion

In the paper we have studied an extension of Petri nets based on generalising algebra used
in the dynamics of nets. More precisely, we have studied the role of algebra used in Petri
nets through properties of their interleaving semantic - labelled transition systems called
traditionally sequential case graphs. Our motivation and aim have been to extend the class of
systems that can be (directly) modelled by algebraically generalised Petri nets, more precisely
to extend the class of labelled transition systems isomorphic to the sequential case graph
of an algebraically generalised Petri net while preserving some natural semantic properties
guaranteed in standard Petri nets.

We have started with a very general definition of Petri nets using a state functor mapping
the set of places to partial groupoids, i.e. to Petri net (partial) algebra.

For purpose of the study we have chosen the pair of semantic properties preserved in se-
quential case graphs of all standard Petri nets, namely commutativity of occurrences of tran-
sitions, which enables to use multi-sets instead of sequences of transitions, and consensuality
of computations in Petri nets (that means if the occurrences of two sequences of transitions
in one state (marking) lead to the common new state, then they lead to the common new
state from every other state in which both sequences are enabled to occur, and moreover, this
‘consensus’ is transitive and closed under addition and subtraction of multi-sets). These two



properties are crucial for possibility of using linear algebraic techniques in the description and
analysis of Petri nets.

We have shown that using arbitrary commutative monoid as Petri net algebra, as suggested
in [MM90], does not preserve determinism and commutativity of occurrences of transitions in
sequential case graphs of Petri nets, and although one uses some additional requirements to
satisfy determinism, as it is done in [Pad96], the sequential case graph still may not preserve
commutativity. In other words, the construction of Petri nets causes that the commutativity of
a monoid does not guarantee the commutativity of the corresponding sequential case graphs.

In this paper it is proven that for a pointed (reachable) labelled transition system S the
following statements are equivalent:

e § is commutative and consensual;

e S is an Abelian group transition system, i.e. a system in which computation may be
expressed using elements and the composition law of an Abelian group;

e S is (isomorphic to) the sequential case graph of a marked algebraically generalised
Petri net the (partial) algebra of which is embeddable to an Abelian group.
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Abstract. We present a behavioral model for discrete event systems based on an intentional for-
malism, as a possible approach within the broader trend towards rich symbolic representations in
verification. We define Intentional Labeled Transition Systems with associated combinators of paral-
lel composition and event hiding, and we propose symbolic bisimulation to handle strong bisimulation
intentionally. Further on, we explain how the methodology has been developed for the synchronous
language SIGNAL, via the verification tool SIGALI.

Keywords: intentional transition systems, polynomials, (symbolic) bisimulation,
synchronous languages, equivalence checking.

1 Introduction

Dynamic systems are systems that evolve according to their environment. In general, an
evolution of the system, in a given state, depends on an input event (some information
given by the environment); this evolution leads to some instantaneous output event and
to state changes.

Synchronous languages have been designed to ease the programmer’s task when dealing
with such systems; they provide some primitives for concurrency and communication.
They can be of different kinds. The most popular ones that have been designed in France
are: ESTEREL [BC84] an imperative language, LUSTRE [Pla88] and SIGNAL [BLJ91] based
on declarative approach. These languages naturally bear a semantics in terms of discrete
event systems, and their control part concerns boolean valued signals. The synchronous
features allow one to express synchronization constraints between the different (output
and internal) events of the system and the input events of its environment. Hence, any
operational semantics of such systems leads to automata labeled combinations of atomic
events.

The automata semantics can then be used as a basis for the verification of SIGNAL pro-
grams. For classic temporal logics specification verifications, the tool StGALI [DLB97]| was
developed; this tool is based on an intensional representation of the automata. Whereas
SIGNAL programs equivalence checking was made extensionally by feeding other verifica-
tion tools, e.g. such as ALDEBARAN [Fer84| or FcrooLs [BRRDY6], with the extensional
description of the automata. Obviously, the size of the generated transition systems limits
the extensional methods.

* Work supported by the Esprit SYRF Project 22703.



In this paper, we propose an intensional formalism based on the algebraic theory of
polynomials for bisimulation checking which perfectly fits the spirit of the tool SIGALI.
The “polynomial language” provides the programmer with an intermediate language
to describe symbolic algorithms, in an intensional way, without bothering with the
underlying implementation.

In our modelization approach, instead of considering extensionally all possible events
for a given state change, we develop a formalism where actions of the automata are
polynomials, these automata will be called intensionally Labeled Transition Systems (or
iLTS for short). These polynomials are based on several variables (one for each atomic
event) with coefficients in Zj, according to the following encoding: an atomic boolean
event can either be absent, then encoded by 0, or present and equal to true, encoded
by 1, or present and equal to false, encoded by —1. The solutions of a polynomial are
composed events. iL TS naturally possess an interpretation in terms of classical labeled
transition systems, but they permit to avoid the transition enumeration one would get
by describing extensionally each event and transition. Moreover, the algebraic theory
of polynomials offers simple definitions for parallel composition and event hiding, both
combinators widely used to design complex systems.

The paper is organized as follows: Sections 2.1 and 2.2 introduce the intensional mod-
els and the combinators. Further on, Section 2.3, we propose a behavioral equivalence,
called symbolic bisimulation over iLTS with good properties; it has the congruence prop-
erty w.r.t. the combinators (see Theorem 6). This definition enables one to handle classic
strong bisimulation in an intensional style (see Theorem 8). Then, in order to proceed to
symbolic verification, Section 2.4 introduces a still more intensional semantics for systems:
polynomial formalism is extended to describe the whole system, that is, all its legal tran-
sitions. The resulting models are called Intensional Labeled Transition Systems (ILTS).
Section 3 explains how the developed theory is currently applied to the language SIG-
NAL: the options of the compiler plugged with the basic functions of the verification tool
SIGALI [DLB97] allow us to perform polynomial handling for bisimulation computation.
For lack of space, we refer to [KP98] for the proofs details.

2 Intensional Labeled Transition Systems

This section introduces intensionally labeled transition systems, parallel composition
and event hiding, as well as the symbolic bisimulation behavioral equivalence. Then
intensional labeled transition systems are proposed as a more intensional description for
labeled transition systems, and an algorithm for the symbolic bisimulation computation
is given.

In the following, we write Z3 for the finite field {—1,0,1} in which 2* = z and 3z = 0
for 2_Lll x € Z3. Let Z be a finite set of m distinct variables 71, ..., Z,,. We denote by
Z3]Z] (or Zs|Zy, ..., Zy)) the set of polynomials over variables Zy, ..., Z,, which coefficients



range over Zz with typical elements P(Z) (or P for short), Pi(Z),.... We recall that

(Z3]7], +, *) is a ring.

2.1 Intensionally labeled transition systems

Definition 1. (Intensionally Labeled Transition Systems (iLTS)) An m-
dimensional intensionally Labeled Transition System (or m-iLTS) is a structure

T =(Q,Z,—), where

e () is set of states,

e 7 is a set of m variables 7, ..., Z,,, and

e —C Q x Z3[Z] x Q. Each transition is labeled by a polynomial over the set 7.

We write ¢ il ¢’ (or simply ¢ i ¢'), instead of (¢, P(Z),q") €—.

Given a polynomial P(Z) € Z3[Z], we associate its set of solutions Sol(P) C Z7,
defined by {(z1,...,2m) € Z§'|P(z1,..., z) = 0}. Then, iLTS can be understood as an
“intensional” representation of classical labeled transition systems, where the labels are

tuples in Z3': each arrow of the iLTS labeled by P(Z) intensionally represents as many

arrows labeled by some Z where z € Sol(P(Z)). We call Ext(T) the corresponding
“extensional” labeled transition system.

Now, it is worthwhile noting that in Z3[Z], polynomials Z} — Zi, ..., Z3 — Z,, evaluate
to zero. Then for any P(Z) € Z3[Z], one for instance has Sol(P) = Sol(P + (Z} — Z1)),
but also, Sol(P) = Sol(—P) = Sol(P?), etc... A very natural abstraction would be to
consider iLTS modulo isomorphism, of course, but also modulo =-equivalence over labels,
where P, = P, whenever Sol(P;) = Sol(P,)?.

Fortunately, for algorithmic purposes, [Dut92] showed how to define a unique represen-
tative of each =-equivalence class, called the canonical generator. This polynomial is the
characteristic function of Sol(P) and has at most degree 2.

Lemma 2. [Dut92] Given a polynomial P € Z3[Z], the canonical generator of [P= is
computable.

2.2 Operations over iLTS

The class of iTLS can be provided with the usual operations over (extensional) transition
systems. Among them, the parallel composition and the events hiding play an important
role in the complex systems design.

Parallel composition over iLLTS imposes the compatibility of values between common
events of the composed systems. From the extensional point of view, Definition 3 is the
classical synchronous parallel composition as defined in ESTEREL, SIGNAL or LUSTRE lan-
guages, but the intensional approach avoids a part of the potential combinatorial explosion
to compute the synchronized transitions.

1 Also, we can consider the quotient ring Z3(Z) def Z3[Z)) < Z} — Zy,...,Z% — Zn >, which is isomorphic to
the ring of functions from Z3" in Z3 in order to restrict to polynomials of degree at most 2.



Definition 3. (Parallel composition of iLTS) Let Ty = (Q1, Z, —1) be an m;-iLTS
and Ty = (Q2, U, —9) be an mo-iLTS with possible common Variable_s be_tween Z and U.
The parallel composition of Ty and Ty, written 17 | Ty, is (Q1 X Q2, Z U U, —) with

(q1,q2) PR ) (¢},¢,) where P M P, def P? + P} whenever ¢ Pi>z)1 ¢, in Ty
and 72 P2—U>])2 gy in Ts.

Because in Zz, P11 P, = 0iff (P, = 0A P, = 0), we have Sol(P,MPy) = Sol(P,)NSol(Py);
it entails that (P, M Py) M Py = P, M (P, 1 Ps). Therefore, parallel composition over iLTS
is commutative and associative.

Hiding events consists in abstracting from components of the label. It helps in internalizing
some communications between the composed systems that are not relevant to observe in
the behavior.

Let P € Z3[Z], we shall write 3Z; P for the polynomial P|z,__1 % P|z—¢ * P|z=1, where
P|z,—, is P obtained by instantiating any occurrence of variable Z; by value v. The
reader can check that Sol(3Z;P) is obtained from Sol(P) by deleting the i-th component
of its elements (it is a projection). Also when Z C Z is some {Z;,, ..., Z; } we simply

write 3ZP for 37;,...37Z; P.

Also it is possible to define a dual variable abstraction over polynomials, based on uni-
versal quantificator: VZ; P is computed as P|z-_1 M P|z-¢ M P|z=1 which solutions are
elements of the form (21, ..., 2 1, Zit1, -ory Zm) S0 V25, (21, ooy Zi 1, Ziy Zit1y ooy 2m) € Sol(P).
This abstraction will be considered further on.

Definition 4. (Event hiding) Let 7' = (@, Z, —) be an m-iLTS, and Z; € Z. We define
the (m—1)-iLTS (T'\ {Z:}) by (Q, Z\ {Z;}, =\;z) where ¢ 3Z4P\{Zi} o iff g1 5 o

2.3 Symbolic bisimulation

As we aim to manipulate transition systems in an intensional way, we explain here how
the classical strong bisimulation can be handle in this setting (see Theorem 8). The
definition is strongly inspired from DeSimone’s symbolic bisimulation over reactive au-
tomata [DR94].

In order to be compared, events of two iLTS have to belong to the same space Z%'. This
way, we suppose without of lost of the generality, two iLTS have the same events variables.

Definition 5. (Symbolic Bisimulation) Let T} = (Qy,Z,—1) and Ty = (Qy, Z, —»)
be two iLTS. A symbolic bisimulation between 77 and 75 is a binary relation R C Q1 X Q>
s.t. ¢1Rqs whenever

(1) for all ¢ L ¢; there exists a finite set of transitions (g =, 4)ier with

e (1— P?)x II;P; = 0, which implies Sol(P) C |J, Sol(P;), and

e (R, forall i € I, and

(2) vice versa.



We have proved the congruence theorem for the symbolic bisimulation.

Theorem 6. (Compositionality) Symbolic bisimulation is a congruence w.r.t. parallel
composition and events hiding.

We show here that symbolic bisimulation is an alternative view of strong bisimulation
when intensional models are considered. At this stage, we assume the reader is familiar
with the class of (extensional) labeled transition systems, as well as with the equivalence
of strong bisimulation. However, we recall:

Definition 7. [Par81,Mil89] (Strong bisimulation) Given two transition systems (la-
beled over some set A) t; = (Q1, A, —1) and £y = (Q2, A, —2), a bisimulation between ¢;
and ¢, is a binary relation p C Q1 X Q3 s.t. (¢1,¢2) € p whenever

(1) for all @ € A, for all transition ¢; =, ¢} there exists a state ¢} s.t. go — ¢} and
(41, 43) € p, and

(2) vice versa.

Symbolic bisimulation between iLLTS corresponds to strong bisimulation between the ex-
tensional labeled transition systems:

Theorem 8. Let T} and T, be two iLTS. Then there exists a symbolic bisimulation be-
tween Ty and Ty iff there exists a strong bisimulation between Ext(T)) and Ext(Ty).

2.4 Intensional Labeled Transition Systems

Intensional approach for labels offers a “compact” way to talk about sets of transitions
in the system. However, we would like to reinforce this method in such a way that
the whole system, and not only its sets of labels, can be itself described intension-
ally. For this purpose, a structure over the states is unavoidable. We propose the
fairly standard structure of tuples for states where values ranges over booleans (in our
setting it means values 1 and —1). This is classically used in symbolic verification methods.

Intuitively, the set of transitions will be given by a polynomial, which generalizes the
iLTS approach. Applications in Section 3 will show how this formalism can be obtained
for free from the real systems to be compared modulo symbolic (or equivalently, strong)
bisimulation.

Definition 9. An (n,m)-dimensional Intensional Labeled Transition System (or ILTS
for short) is a structure S = (X,Y,Z,T) where X = {X},..,X,} and Y = {V},...,V,,}
are two sets of (source and target) states variables, Z = {Zi,..., Zy,} is a set of labels
variables and T (X,Y, Z) is a polynomial in Z3[X,Y, Z] describing the legal transitions.

Given some source state T = (xy, ..., 2,,) € Z§ and some target state § = (y1, ..., yn) € 25,
the set Sol(T(x,Z,y)) denotes all the possible labels of transitions from state Z to state
y. When states are viewed extensionally, we retrieve the iLTS of in Section 2.1, which in



turn can be interpreted as a classical labeled transition system.

Now, an algorithm for computing the greatest strong bisimulation between two
ILTS can be described as follows. Assume given two ILTS S; = (X' V! Z 7;) and
S, = (X2,Y2 Z,T;).

Algorithm

1. Define the polynomial Ry(X!, X?) = 0.
2. Compute iteratively until stabilization the sequence of polynomials (R (X!, X?2)),
defined by:

Ry 1 (X1, X?) is the canonical generator of the =-class of

Ri(X!, X?) (1)
M VYWZ[(1 — Ti(XL, VY, 2)2) IV HTH(X2, V2, Z2) N Ry (Y, V2))]
M VY2VZ[(1 — To(X2, V2, 2)2) « IWYT(XL, V1, Z2) N R, (Y, T2))]

Call R(X", X?) the result.

Theorem 10. (Termination and Correctness) The algorithm terminates and at the
end, R(z,7%) = 0 iff there exists a bisimulation which relates states &, and .

Expression 1 can be made simpler when deterministic systems are to be compared. This
is the case in Section 3, when our theory is applied to the synchronous language SIGNAL.
Indeed, in this case the computation of R can be performed according to the following
algorithm:

1. Compute the admissible events from a given state in each system: for system S,
compute the canonical generator of A;(X!, Z) of [AYIT1(X, Y1, Z)]=, and similarly
compute Ay(X?2, 7) for Ss.

2. Compute the canonical generator Dy(X*1, X?) of [VZ(A; (X!, Z) — Ay(X?% 7)))=.
Solutions of Dy are pair of states (z!,z%) which accept the same labels on their output
transitions, i.e. which have the same admissible events.

3. Now the greatest invariant has to be computed. We iteratively compute polynomial
D, until stabilization as follows:

Dy 1(X1, X?) is the canonical generator of the =-class of 2)
VYWYV Z[(1 — (Ty(XL YL Z2) N TR(XY Y 2))?2) + Di(Y, Y?))
3 Applications

The usual synchronous programs verification practice (in particular, the verification
of safety properties [HLR93|) needs the use of parallel composition and event hiding
operations. Since the parallel composition is synchronous, the desired properties of a



program can be easily and modularly expressed by means of an observer, i.e. another
program which observes the behavior of the first one and decides whether it is correct.
Then, the same formalism can be used to specify and to verify a complex system. The
verification then consists in checking that the parallel composition of the two intensional
transition systems never causes the observer to complain. It may happen that we just
need a subset of signals: the property to verify can be expressed with this subset (for
instance, the invariance under control property). It requires to specify the basic particular
sets (of states and /or transitions) and to use event hiding. We need to make this handling
easily available, so that program transformations remain internal and transparent, while
powerful description is allowed.

As far as we are concerned, ILTS models are applied for the verification of systems
described in the equational data-flow synchronous language SIGNAL [BLJ91]2. This
language is widely used to specify and to implement reactive systems as well as to verify
their properties. There exists a lot of examples using the SIGNAL environment: among
them, a production cell [ALGMR95], a power transformer station controller [LBMR96],
an experiment with reactive data-flow tasking in active robot vision [RMC97], ...

The original multi-clock data-flow synchronous language SIGNAL manipulates a set of
signals; each signal A denotes an unbounded series of typed values (A;);c7, indexed by
time ¢ in a time domain 7. L is a particular value which denotes the absence of the
signal. We call clock of A the set of instants ¢ when A is not absent, i.e. A, # 1. Two
signals with the same clock are called synchronous. The kernel-language SIGNAL is based
on four operations, defining primitive processes by equations, and a parallel composition
to combine equations, as well as a signal hiding to internalize them.

In order to simplify the presentation, we shall restrict to the boolean fragment of SIGNAL
language; that is the type domain is true, false or absent. The constructors of the
language are equations of the form A :=< expression >, as well as a parallel composition
and an event hiding.

e Static synchronous operator A:=p(As,...,A,) is a boolean function of data
Ay,...,A, at each instant £. This instruction requires all referred variables to have the
same clock.

e Deterministic merge operator, written A := Al default A2, A has the value of Al
when A1l is present, otherwise it has the value of A2. Its clock is the union of those of Al
and A2.

e Selection operator of the form A := Al when B links A with A1 when the boolean B has
value true. The result can be seen as a down-sampling of a signal A1. The clock of A is
the intersection of that of A1 and the set of instants when boolean B has value true.

? developed in the EP-ATR research Group of the IRISA/INRIA Institute.



e Delay (a dynamic synchronous operator) A :=B$1 gives access to the last value of
signal B. A and B have equal clocks. The memorizing of last values will give raise to states
(see below).

e Parallel composition of processes is noted | and consists in the conjunction of the
equations (systems); it is then associative and commutative.

e Signal hiding \{A} hides any occurrence of signal A; it is internalized.

Logical SIGNAL programs can be translated into polynomials equations over Zjs, following
the principle of coding the possible values of a boolean signal A by a variable a: values for
a will respectively be 1, —1 and 0 and are respectively interpreted by “A is present and
true”, “A is present and false”, “A is absent’3. Therefore, any signal A can be associated
its clock a®, and two synchronous signals A and B satisfy a? = b?.

Operators Clock equations Evaluations

A :=not A a’ :alz a= —ay

A:=A;and A, a® =a1? = ay? a=aiaz(aiaz —a, —az — 1)
ai = a3

A:=A;orh, a’=a1? =a- a=aia2(l —aiaz — a1 — az)
al = a3

A:=Ajdefault Ay|a® = a1® + (1 —a1?)ax’|a = a1 + (1 — a1?)az

A := A; whenB a’? = a1?(—b—b?) a=ai(—b—b?)

A :=B$1 a® =b? o =b+(1—b )z
a="bc

Table 1. Synchronization constraints and the boolean signal evaluation

Table 1 shows how the programs are transformed into polynomial equations (we refer
to [LBBLGO91]| for more details), leading to an ILTS models semantics. Nevertheless, the
delay operator $ deserves some extra explanations. A delay requires to memorize the
last value (then different from 0) of the signal into a (state) variable, say . Translating
A:=B$1, imposes to introduce two auxiliary equations: (1) 2’ = b+ (1 — b*)z, where
a' denotes the next value of state variable x, expresses the dynamics of the system. (2)
a = b%x delivers the value of the delayed signal according to the memorization in state
variable x.

The translation of Table 1 is automatically performed by the SIGNAL compiler. The au-
tomata semantics can then be used as a basis for the verification of SIGNAL programs.
To these ends, the tool S1GALI [DLB97], offering algebraic polynomial computations was
developed. It relies on an implementation of polynomials by Ternary Decision Diagram
(TDD) (for three valued logics) in the same spirit of BDD [Bry89], but where the paths
in the data structures are decorated by values in {—1,0,1} instead of {0,1}. This tool
performs classic temporal logics specification verifications, whereas until now, SIGNAL

3 General SIGNAL programs, with other type values, can also be treated by only coding information of presence
of absence of non-boolean signals.



programs equivalence checking was made extensionally: the tool SIGAUTO exports the
TDD generated by SIGALI in order to plug other verification tools, e.g. such as ALDE-
BARAN [Fer84] or FcrooLs [BRRDY6]. So the result can be submitted to the tool sets for
further analysis, graphical depiction, strong bisimulation, quotient computing, etc. The
plug-in is achieved with the package OPEN/CAESAR.

Obviously, the size of the generated transition systems limits the extensional methods.
For instance, the transformer station on the power network which is widely used by
the French national power network is represented by a transition system with 12 state
variables and 22 event variables; that is to say, this transformer station can be represented
by an automaton of 2'2 possible states and 3%? arrows.

The intensional methods for bisimulation checking, as proposed in this paper, perfectly
fits the spirit of the tool SIGALIL: the “polynomial language” provides the programmer
with an intermediate language to describe algorithms over sets, in an intensional way,
without bothering with the underlying implementation.

We have then improved the ILTS models semantics by implementing the algorithm of
Section 2.4 for the bisimulation decision.

4 Conclusion

In this paper, we have presented Intensional Labeled Transition Systems intermediate
models for discrete event systems. We have studied operations of parallel composition and
event hiding, as well as an equivalence criterion based on strong bisimulation semantics.

The aim of this work is to rely on intensional descriptions of the systems for symbolic
verification purposes, such as equivalence checking. The intensional approach we pro-
posed has the main advantage to remain at an interesting level of abstraction in which
algorithms can entirely be expressed, whereas classic symbolic approaches often suffer
from a lack of algorithmic language.

Moreover, the intensional formalism is completely compatible with the symbolic technics,
since intensionally described sets can be represented by standard decision diagrams.

Intensional models have already been the subject of previous work [LBBLG91], under the
name of polynomial dynamical systems. They were the base of the temporal logics verifi-
cation tool SIGALIL The results of this paper led us to enrich the scope of the verification
tool SIGALI by implementing equivalence checking, such as strong bisimulation (trace
equivalence, etc. are under development) on the basis of the intensional philosophy. This
application is of high interest since SIGNAL is used in a lot of areas (controller synthesis
[ILBMR96], robotics [RMC97],...) where models equivalence checking, and on coming
models reduction functionality, is crucial.



We aim now to focus on intensional approaches in its generality, in the sense that not
only polynomials for finite states systems, but also other formalisms on possibly infinite
systems can be investigated for the representation of sets, still remaining decidable for
e.g. equivalence checking.
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1 Introduction

The design of concurrent and reactive systems is difficult. Therefore several formal ap-
proaches have been developed to the help the engineer in the automatic verification of his
designs. Many such approaches are based on the use of state-spaces. In these approaches
one models the system in some mathematically founded language and the mechanically
calculates all the possible states of the system. Such methods however suffer from the
state-space explosion problem, an instance of “combinatorial explosion”. To alleviate this
several techniques have been developed, among them reduction techniques that exploit the
independence of events (cf. [8] for a good overview). The intuition behind these techniques
is that if two events can be fired in any order such that we always end up in the same
state then they are independent. If these independent events do not affect the property we
are interested in, then it does not matter in which order we execute them. The reduction
is obtained by throwing one of these interleavings away, ie. firing a subset of the enabled
transitions, called a persistent set. Methods based on the independence of events are often
called partial-order reduction methods.

Partial-order reduction methods have been successfully applied to untimed systems,
but for real-time systems less progress has been made. The main problem seems to be the
global nature of time, that makes all clocks in the system dependent on each other. In
particular the extension of partial-order methods to time Petri nets is hampered by two
difficulties: (1) The standard semantics for time Petri nets implicitly stores the firing order
of transitions in the timing constraints. This means that the state space of the time Petri
net will form a tree. (2) The firing time of synchronisation transitions, ie. transitions with
more than one immediate predecessor requires the calculation of the firing times of these
predecessors. For this we need absolute constraints which lead to an infinite state space.

*A longer version of this paper that includes proofs is available as [10].
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In this work we show that as long as we are only interested in reachability of markings,
the first problem can essentially be ignored. For the second problem we show that is
possible to derive a finite state space from the state space with absolute constraints.

The state-space is typically traversed with a standard depth-first traversal algorithm,
that includes a list of states that have already been seen during the traversal. The test is
needed so that we can guarantee termination. It is in this test that the state-space explosion
causes its problem. To find out whether we have already seen a state we have to search the
set, of all previously seen states. In a timed system this set will be much larger, because
the systems typically exhibit the same untimed state several times with different timing
constraints. As a consequence also the same persistent set will be recalculated several times
during the analysis. To alleviate these two problems we propose a novel solution: We use
the branching prefix [12] to calculate a set of looping points, ie. transitions after which the
untimed system will return to a state in which it has previously been. In this way we only
need to search the set of looping points. We also show how to extract persistent sets from
the branching prefix. In this way the persistent sets are calculated once at the beginning
of the analysis.

The last contribution is actually of independent interest: it establishes a connection
between the partial-order approaches based on explicit state representation [8] and partial-
order approaches based on the implicit branching-prefix representation of states [7].

2 Time Petri Nets

Time Petri nets are a simple yet powerful formalism for modeling concurrent systems
with time constraints. The following section recalls the basic definitions of time Petri
nets, describes a method for enumerating the reachable states, and gives a definition for
independence of transitions in a time Petri net.

Definition A time Petri net is a five-tuple TPN = (P, T, F, SI, my), where P is the set of
places, T is the set of transitions, PNT =0, F C (P x T)U (T x P) is the flow relation,
SI: T— NU{oo} x NU{oo} is a function called static interval, and my C P is the initial
marking of the time Petri net. The tuple (P, T, F, my) is the underlying net. The boundaries
of the static interval associated with a transition t are called earliest firing time t€ and
latest firing time t" respectively. The preset of x € PUT is *x = {y | yFx} and postset is
x* = {y | XFy} P
Definition A state of a time Petri net TPN = (P, T, F, SI, my) is a pair S = (m, ¢), where m
is a marking of TPN, and c : T — R is called the clock function. The initial state of TPN
is sp = (my, co), where co(t) = 0.A transition t of a time Petri net is enabled at marking
m iff *t € m. The set of all enabled transitions at marking m is denoted by en(m). A
transition t may fire from state s = (m, c) after delay € R denoted fireable(s, (8, t)) iff
teen(m), (m\*t)Nt* =0, t¢ <c(t)+05, and Vt' € en(m): c(t') + & < t"*. The set of
all transitions that may fire from state s is denoted by fireable(s). A transition t fires
after time & from state s = (m, c) giving a new state, s’ = (m’,c’), where: m’ =\*tUt°*,
and ¢'(t) = 0if t € en(m’) —en(m), or ¢’(t) = c(t) + & else. This is denoted by
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s’ = fire(s, (t,0)). N

The behavior of a time Petri net is described in terms of a firing schedule.

Definition A firing schedule of a time Petri net is a finite or infinite sequence of pairs of
transitions and time values 0 = oy, 02, 03,... with o; = (8;, t;), where t; are transitions
and 8; € R are their firing delays. The firing schedule o is fireable from the initial state sg
if there exist states si,s;,83,... such that: s; = fire(s;_1,0;) 1> 0. Given a finite firing
schedule o define time;(0) = Xi_,8x. We shall require that o : £ 8, — oco. N

From the above discussion it is clear that since we consider time to be a continuous
quantity the set of states of a time Petri net is infinite. Below we will show that this infinite
state space can be partitioned into equivalence classes that will consist of markings and
sets of inequations that constrain the possible occurrence times of the enabled transitions.
The idea of constructing equivalence classes of markings was originally introduced in [4]
and later refined in [3]. An alternative approach has been proposed in the context of a
model-checking algorithm in [14]. Here we shall refine this approach so that it becomes
possible to apply partial order reduction techniques that have been developed for untimed
systems, directly to timed systems.

Our idea is based on the following observation from [1|: The possible occurrence time of
of a transition is fully determined by the occurrence times of its predecessors. Transitions
that are causally independent do not affect the occurrence times of each other.
Definition A state class is a pair (m, I), where m C P, and [ is a set of constraints over
TU{0}. A state class describes the constraints on the possible firing times of the enabled
transitions in a marking. The constraints in I are of the form x —y < ¢ and we shall
require that the set is transitively closed. A set of constraints I is consistent iff it has a
solution, otherwise it is inconsistent. N

To be able to refer to the absolute occurrence times of transitions we introduced an
auxiliary transition 0. 0 occurs before any other transition in the net and thus acts as a
kind of origo. Constraints x — 0 < c express absolute timing constraints from this point.
Definition The initial state class is given by [ ={t—0 >t [t € en(my)JU{t —0 <
t* | t € en(myo)). We denote with the variable t the occurrence time of transition t. A
transition t; is fireable in (m,I) iff t; € en(m), and we can fire it earlier than the other
enabled transitions, ie. TU{t; < t |t € en(m)} is a consistent set of constraints, this is
written t; € fireable(m, I).

Given a state class (my, [;) we can fire t; if t; € fireable(my, I;). The successor state
class (miy1, Liy1) is given by:

mig = (my—"t) Ut
I = LuU{lower(®t, ;) +t° <t—0 < upper(**t,I;) + t" | t € en(miyq) — en(my)}
Ly = delete(I}, T(I)) — (en(my) — en(miiy)) — **t),

where lower(T,I) = max{c |t —0>c € I,t € T} and upper(T,I) = max{c |t —0<c €
LteT}

The function delete(I, V) does two things: It first deletes all variables in V from I, and
then it calculates the transitive closure of the new set of constraints. N



2.6

2.7

2.8

2.9

2.10

As mentioned above, the firing rule will lead to an infinite state space, since the bounds
on the constraints of enabled transitions will grow without limit as the system evolves
(new instances of the transitions will occur later in time). It is however the case, that
after a certain limit the system will enter a state from which state on the behavior will
be bisimilar, specifically, the relative constraints will be the same. Thus we can define a
bisimulation on state classes as follows:

Definition Two state classes (m,I), (m’,I') are bisimilar, denote by (m,I) ~ (m/,I’)
iffm = m’ A delete(I,0) = delete(I’,0). N
Theorem ~ is a bisimulation with finite index. N

To show the soundness and completeness of our state space we have to show that to
each schedule we can find a corresponding path, and vice-versa.
Theorem Given a schedule o = (81, t1), (82, t2),... with states s; = (u;, clock;) we can

construct a path T = (my, o) BN (mq, ;) 3 .. such that u =m; Vi > 0, and given a

path T = (my, Ip) BN (mq, ;) 3 .. we can construct a schedule o = (01,t1), (02, t2), ...
with states s; = (W, clock;) such that u; = m; Vi > 0. [P

This concludes our argument that the firing rule of Def. 2.5 correctly preserves the
semantics of a time Petri net.

The definition of independence of events in a systems is a behavioral notion that cap-
tures the following intuition: Given independent events, it does not matter in which order
they are executed, the end result will be the same. In the untimed case independence of
transitions can be formalized in the following definition adapted from [8].

Definition Two transitions t; and t, are independent, iff for all states s of the state space:

(1) if t; is enabled in s and s N s’, then t, is enabled in s iff t, is also enabled in s’; and

(2) if t; and t, are enabled in s, then there is a unique state s’ such that s 152

s’, and

S tég SI -
To lift this notion to the timed case we need to take into account the constraints. The
way the state classes were defined above allows us to state independence for time Petri

nets in terms of the independence in the underlying net.
Theorem Let tq,t; be independent in the underlying net. Then given paths (m,I) RN
(m1,I1) 2 (my, 1) and (m, 1) 3 (m!, 1)) 25 (m}, I4) we have that m} =m; and I, = L.
. 2.10
The importance of the theorem lies in the fact that it allows us to use the algorithms for
the calculation of independent sets of transitions developed for untimed systems (stubborn
sets, ample sets, etc.) by simply replacing the enabling condition with the condition for
fireability. We will now turn to the question of finding independent sets of transitions.

3 Partial-order reduction

In this section we will present a version of the state space traversal algorithm for time Petri
nets that uses the branching prefix to guide its search.
Below we shall first define the branching prefix, then explain how the basic depth first
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search algorithm is adapted to run on the branching prefix. Then we will augment it
to work on a time Petri net, and finally discuss how to extract persistent sets from the
branching prefix.

In a net (S, T,F) elements x1,x; are in conflict (x1#xz) iff Ity, t; : *ty Nty # 0,
(t],X]) € F*, and (tz,Xz) € F.
Definition An occurrence net ON = (B,E, G) is a finitary, acyclic net, where Vb €
B:[°b] < 1, and Ve € E : —e#e. Places B of an occurrence net are called conditions
and transitions E are called ewvents. Preplaces are called preconditions and postplaces
postconditions. We write Min(ON) for the <-minimal elements of ON and call these
initial elements. W
Definition Let PN = (P, T F,my) be a Petri net. A branching process of PN is a pair
B = (ON,p), where ON is an occurrence net and p is a homomorphism from ON to PN
such that Vey,e; € E:%e; = *e; Ap(e;) = ples) = ey = er. A configuration C of a
branching process is a set of events, s.th: (1) e € C = Ve’ <e:e’ € C, and (2) e,e’ €
C = —e#e’. Each branching process 3 has a set of mazimal configurations Max(f3).
Given an event e its local configuration [e] is the set {e' | e’ < e. For a configuration C, we
define a function Cut(C) = (C*UMIin(N))\*C. The intuition of a cut is that it represents
a state of the system. We denote p(Cut(C)) by Mark(C). Given a branching process 3
we define a function T (B,cut) as T (B,cut) = —{x € B | Iy € cut: x < y}. N

It is clear that the representation of the behavior of a system through the maximal
branching process may be infinite. However as discovered by McMillan [11], it is possible
to find a finite representation, the branching prefiz, of the branching process of the system
that contains all reachable cuts (ie. markings) of the system. This representation was later
improved by Esparza, Romer and Vogler [6].
Definition Let < be defined by C; < C; & |Cq| < |Cy|. An event e is a cutoff event of
the branching process B iff B contains a local configuration [e’] such that: p(Cut([e]) =
p(Cut([e’])), and [e'] < [e]. The event e’ is the shift-back event of e and is denoted by
e°.The set of cutoff events of a branching process  is denoted by Cutoff(f3). We call the

marking p(Cut([e])) of a cutoff event a cutoff marking. M
Definition Given a net N and its maximal branching process {3,,, the finite branching
prefix By is defined as: B¢ = Bm— T (Bm, Cutoff(Pm)) N

The branching prefix is an acyclic representation of the causal behavior of the net. The
states are represented as cuts, while the cyclic behavior is implicitly represented by the
cutoff events. Thus we need to modify the standard depth-first search algorithm to to take
into account this extra structure, as shown in figure 1.

The set of enabled events at a cut in the branching prefix is easily obtained by looking
at the presets of the cut. The actual management of cuts and cutoff events is encapsulated
into the FIRE function. There are two cases depending on the type of the event e. If e is not
a cutoff event then FIRE(e,cut) = cut—"eUe®. If e is a cutoff event then things are a bit
more complicated, because the new cut is not obtained from the postset of the shift-back
event e°, but from the cut Cut([e°]). So we need to replace all conditions b in cut — e
that are instances of places that have instances in Cut([e°]). That is FIRE(e,cut) =
cut—*e—{becut—"e|db’ € Cut(le’]) : p(b) =p(b’)} U Cut([e’]).



SeARcH(bp : BranchingProcess, M : marking)

1 S: Stack
2  S.pusH(MIn(bp))
3 while S#0
4 do
5 cut « S.por();
6 for each e € ENABLED(bp, cut)
7 do
8 cut’ « rFIrE(e, cut)
9 if MARK(cut) =M
10 then exit
11 fi
12 if —seeEN(e, MARK(cut))
13 then S.pusH(cut’)
14 fi
15 endf
16 endw

Figure 1: Searching the branching prefix.

TPNSEARCH(N : TimePetrinet,m : Marking)
1 S: Stack
2 bp « BranchingProcess(N)

3 S.pusH(< Min(bp), o >)
4 while S#0
5 do
6 < cut, I >« S.ropr();
7 for each e € FIREABLE(bp, cut, I)
8 do
9 < cut’, I’ >« FIrE(e, cut, I)
10 if Mark(cut’) =m
11 then exit
12 fi
13 if —seen(e, Mark(cut), ')
14 then S.pusH(< cut’, I’ >)
15 fi
16 endf
17 endw

Figure 2: The modified state space search algorithm

The detection of loops in the search in done in the SEEN function. The idea is to exploit
the fact that the occurrence of a cutoff event signals that the system is about to loop. Thus
we store only markings that occur after cutoff events, and the SEEN function only needs to
check a marking in a list of markings indexed by cutoff events, ie. SEEN(e, MARK(cut)) =
cutoff(e) A cut € Seen(e).

Naturally the search procedure as defined above does not make much sense for an
untimed net, because it will traverse the state-space once and stop. However the state
space of a time Petri net a marking is bound to occur several times with a different set
of timing constraints, so the fact that we only compare state classes after cutoff events
is bound to speed up the search. The search algorithm for time Petri nets is given in
figure 2. The function FIREABLE is defined as FIREABLE(bp,cut,I) = {e € bp | 3t €
fireable(Mark(cut),I) Ap(e) = h}.

Analogously the FIRE function is defined in terms of the FIRE function above together
with the firing rule 2.5 and the SEEN function now needs to compare state classes..
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The algorithm in figure 2 improves on performance of the search only by exploiting the
cutoff events. To add partial-order reduction to the algorithm the function fireable needs
to return a subset of fireable transitions, and this subset should be a persistent set. The
intuition behind our approach is that we should search each process of the system. In a
process all events that are enabled at the same cut are independent. Thus at a cut we only
need to make sure that we fire one transition for each process. Let B : E — 2Max(bP) he 5
function that attaches to each event the set of processes (maximal configurations) that it
participates in. With =7 : Max(bp) — 2F we denote the function that maps a maximal
configuration to its set of events. Then the set of active processes at a cut is given by
act(cut) = Ueeen(wt) B(e). When we select a set of events to fire, we have to take care
that we select one representative for each active process at the cut. For this we introduce
a function rep as follows: Ve € act(cut) Je € rep(cut) : e € B~'(c) Now recall the
definition of a persistent set from [8]:

Definition A set of transitions T enabled in a state s is persistent in s iff, for all nonempty

sequences of transitions s = sy RN $2...51 oy Sn+1, from s in the state space and including
only transitions t; € T, t,, is independent in s,, for all transitions in T. H:s
Theorem The set rep(cut) is a persistent set. M
Now because of theorem 2.10 we can use the subset of fireable transitions in the set rep
as a persistent set in the search algorithm in figure 2. Thus we have, along the lines of [§],
that we can use the set rep to search for local states of the system. A local state in this
case corresponds to the marking of a place.
Theorem The algorithm in figure 2, where the function fireable(bp,cut,I) has been
replaced by the function rep(bp,cut,I) is a complete and correct decision procedure for
determining whether a place p is reachable in the time Petri net N. M-
However this is not quite enough. What we want is a procedure that finds a marking m,
not just a marked place. For this we introduce the notion of visible transitions. The set of
visible transitions for a marking m are the transitions that lead to or from the marking ie.
vis(m) = *muUm®. So we need to extend the rep function to return also all fireable visible
transitions: rep(bp, cut, I, m) = fireable(rep(bp, cut,I) U*m U m*). We then have:
Theorem The algorithm in figure 2, where the function fireable(bp,cut,I) has been
replaced by the function rep(bp,cut, I, m) is a complete and correct decision procedure
for determining whether a marking m is reachable in the time Petri net N. Hss

4 Conclusions

The use of persistent sets is a standard technique in the context of untimed systems (cf. [8]),
while for timed systems only a few proposals exists ([2| for timed automata, [14] for time
Petri nets). The main difference between our work and [14] is the semantics, which in [14] is
finer, because the states contain an implicit ordering of events. The idea of only comparing
state classes that arise after firing a cutoff event, is very similar to the idea of detecting
entry nodes in [9], in that both approaches try to detect the periodicity of the system by
statically analysing the untimed system model.
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Abstract

It has been proved that it is impossible to combine in one semantics for reactive
systems the notions of modularity, causality and synchronous hypothesis. This
limits bottom-up development of specifications. In this paper we introduce the
notion of projectability, which is weaker than modularity, we define a non global
consistent semantics for Statecharts that enforces projectability, causality and
synchronous hypothesis, and we prove that no global consistent semantics for
Statecharts can enforce these three notions.

1 Introduction

The visual formalism Statecharts has been proposed in [4] for the specification of reactive
systems [3], 1. e. systems that maintain an ongoing interaction with their environment
by continuously reacting to external stimuli.

Statecharts extends state-transitions diagrams with the notions of hierarchy, explicit
representation of parallelism and broadcast communication of signals.

According to the principle of synchronous hypothesis [2], a statechart is supposed to
react instantaneously to prompts from its environment. As a consequence, inputs from
the environment and outputs of a statechart come instantaneously.

In [6] properties of causality and modularity for formalisms that enforce the synchronous
hypothesis, have been investigated. Causality means that for each event generated by a
system at a particular moment, there exists an event generated by its environment that
directly or indirectly causes it. Causality ensures that reactive systems are really driven
by their environment. Modularity means, firstly, that if two systems are put together

*Research partially supported by Esprit BRA 8130 LOMAPS and by CNR Progetto Strategico
“Modelli e Metodi per la Matematica e I'Ingegneria”.



to form a new one, they see each other behaviors as sequences of input-output pairs
exactly as the environment sees them. No inner details of the execution of a system can
be seen by the other. A second aspect is the uniformity of the view every subsystem has,
namely that when an event is generated it is broadcast all around, and every subsystem
has the same view at any moment. Finally, a reaction of the compound system is a
combination of reactions of its subsystems. This means that the behavior of a system
is defined once and for all, and one can freely insert this in whatsoever context, being
sure that it maintains its behaviors. This is needed to develop bottom-up specifications.
Unfortunately, in [6] it is proved that synchronous hypothesis, causality and modularity
cannot be combined in one semantics.

In this paper we introduce a notion weaker than that of modularity, the notion
of projectability. Projectability does not require that the composition of subsystems
is defined by abstracting from causality of their internal events, so one may combine
synchronous hypothesis, projectability and causality.

Now, two kinds of semantics have been proposed for Statecharts, non global and
global consistent ones. We define a new non global consistent semantics for Statecharts
and we prove that it enforces projectability, causality and synchronous hypothesis. Then
we prove that there is no global consistent semantics enjoying the same property.

2 Statecharts

Statecharts are state-transitions diagrams with a tree-like structuring of states. States
may be basic, or-states, and and-states, allowing to represent parallelism. A transition
between two states is labeled by a set of positive and negative signals, the trigger, and
a set of positive signals, the action of the transition. Here we assume that source and
target state of a transition are both immediate substates (in the tree-like structure) of
the same or-state, namely transitions cannot cross borders of states.

Formally, a statechart z is a tuple

<SZ7pZ7¢Z75Z7T27inZ7OUtZ7HZ7XZ>

where:
1. S, is the non-empty, finite set of states.

2. p,: S, — 25 is the hierarchy function; for s € S, pi(s) denotes the least S C S,
such that s € S and p.(s") C S for all s € S, and pf(s) denotes pZ(s) &{s}; p.
describes a tree-like structure, namely:

(a) There exists a unique s € S,, denoted root., s. t. pi(s) = 9..
(b) s & pt(s), for s € 5..



(c) If pz(s) N pi(s') # 0, then either s’ € pi(s) or s € pi(s'), for 5,8 € 5..
A state s is basic iff p.(s) = 0.

3. ¢, : S, — {OR, AN D} is the (partial) state type function defined only for all
non-basic states. States with type OR are called or-states, states with type AND
are called and-states.

6. 1 S, — S, is the (partial) default function defined only for or-states, so that
s = 6.(s) implies that s € p.(s). For s € 5., 6%(s) denotes the least S C S, s.
t. s € 9, for each s € S of type AND p.(s") C S and for each s’ € S of type OR
6.(s") € S.

5. T, is the finite set of transitions.

6. in,,out, : T, — S, &{root,} are the target and the source functions. It is
required that for each t € T, there exists a state s € S, such that ¢.(s) = OR
and in, (1), out.(t) € p.(s).

7. 11, is the finite set of signals. For each a € II., @ denotes the negation of a. For

each Y C II,, Y is the set {@la € Y}.

8.\, : T, — 2V o 9l iq the labeling function; the first component of X=(1) is
denoted by trigger(t) and is the trigger of ¢, the second component of x.(#) is
denoted by action(t) and is the action of t.

Given states sy, 3 of a statechart z, lca.(sq, s3) denotes the lowest common ancestor
of s1 and sy, i. e. the state s such that sq,s2 € pZ(s), and for each s" # s fulfilling the
same requirement, s € pf(s’). For a transition ¢, lca.(t) denotes the state lca,(in.(t),
out,(1)).

The limiting assumption that transitions do not cross borders of states seems to be
natural if one wants bottom-up development of specifications.

Given a state s, we denote by trans(s) the set of all the transitions ¢ s. t. lca.(t) is
a substate of s.

The semantics of a statechart is given in terms of steps that take the statechart from
a configuration to another.

A configuration of a statechart is a maximal set of states fulfilling the requirement
that if an and-state is in the configuration, then all its substates are in it, and if an
or-state is in the configuration, then exactly one of its substates is in it. The default
configuration is the configuration such that for each or-state in it, its default-state (given
by the default function) is in the configuration.

At each instant of time the environment prompts the statechart with a set of signals.
Signals are assumed to be broadcast.



A transition is triggered by a set of signals if all positive signals of its trigger are
communicated and no signal appearing negated in the trigger is communicated. A
triggered transition may fire and broadcast the signals in its action.

The statechart reacts to a prompt from the environment by performing a set of
transitions, called a step. When a step 7 is performed from configuration ', a new
configuration €' = (C <U,er pi(out.(t))) UUer 65(1) is entered. In order to have finite
reactions, it is required that for each pair of transitions ¢,¢' in a step 7, ¢t and ¢’ are
consistent, i. e. ¢,(lca(t),lca(t’)) = AND. As the synchronous hypothesis is assumed,
it is mandatory to have only finite reactions.

Now, since the introduction of the formalism, various semantics for Statecharts have
been proposed. In [1] most of them are compared and related. As already mentioned,
the semantics proposed can be non global consistent (see the semantics in [5]) and
global consistent (see the semantics in [11], [9], [10]), depending on the interpretation
of negative signals.

In non global consistent semantics negation is interpreted as “not yet”. Steps are
computed as sequences of sets of transitions (microsteps) 7 = T, ..., T such that for
each t,t" € T, and t' are consistent and all transitions in 7T;4, are triggered by signals
communicated by either the environment or transitions in T7,...,7;, for 1 < ¢ < k.
Now, transition ¢ having @ in its trigger and transition ¢’ having « in its action can be
in a step 7 =1T,,...,T, provided that ¢ is in a microstep T; and ¢’ is in a microstep
T;, with ¢ < j.

In global consistent semantics negation is interpreted as “never”. Steps are computed
as fixpoints of some equations and in a step there are never a transition ¢ with @ in its
trigger and a transition ¢’ communicating a.

In [1] it is argued that non global consistent semantics allow to distinguish clearly
a cause from its effect, and therefore are more intuitive. The idea is that a sequence of
microsteps defines a partial order among transitions, and this order reflects causality.

On the contrary, global consistent semantics allow to have a logical view of signals.
Signals can be interpreted as boolean variables, and steps can be computed as solutions
of sets of boolean equations. Causality is enforced by considering only minimal solutions.
This approach needs to reject programs giving rise to equations systems having no
solution for some input.

3 Projectability

Consider now the statechart z; in Fig. 1 with the non global consistent semantics of [5]
explained above. There exists a deterministic choice between transitions #; and 5, and
a deterministic choice between t3 and t4. Statechart z; reacts to o either by performing
step {t2,t4} if @ € o or by performing step {t1,13} otherwise. Step {¢1,13} can be
computed either as the sequence of microsteps {t1}, {{3}, or as the sequence {t3}, {t1},
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Figure 1:

or as the sequence {t{1,t3}. The step {{s,%4} is computed analogously. There are no
other steps and the reachable configurations are only {1,4,5,8,9}, {2,4,6,8,9} and
{3,4,7,8,9}.

Let us consider now the statechart z obtained by composing in parallel z; and z5. If
the environment prompts the empty set of signals, then step {¢1, 14,5} can be computed
as the sequence of microsteps {t1}, {t5}, {t4}. Now, z; performs the set of transitions
{t1,14}, which is none of its steps, and reaches the configuration {2,4,7,8,9} which is
none of its reachable configurations.

For the development of specifications in a bottom-up fashion one reasonably requires
that subsystems perform their tasks for which they have been designed, and only these,
when inserted in whatsoever context.

Let us Consider now the notion of modularity of a reactive system, introduced in

[6]. Let 5 &2 " denote the fact that the reactive system 5 reacts instantaneously to
input [ by responding with output O, and by rewriting itself into S’. We denote by
S1 || Sz the parallel composition of S7 and S3. A semantics is modular iff the following
condition holds:

IUOQ,Ol IUOl,OQ

(S SI A S, Sy e Sy Sy MEE g sy (1)

When 57 and Sy are composed in parallel, they see each other as a sequence of pairs
(I1,0), exactly as the environment sees them. The parallel composition of S; and 5,
is defined by considering only their input-output interface, i. e. both S; and S, are
viewed as “black boxes”, and no inner detail of the execution of one of them is known
by the other. Moreover, the output of one system is immediately available as input
to the other. This implies the uniformity of the view every subsystem has of what
is going on. In [6] it is proved that modularity and causality cannot be combined

{a} {o}) S! and

with synchronous hypothesis. To see this fact, let us assume that 5;

S HMH S5. Modularity implies that Sy || 2 (@égv_i;ﬂ S1 || Sy. Therefore there exists a
causal loop between a and b.

The semantics of Esterel [2] and Argos [8] are modular, and programs in which
causality loops may occur are rejected.



Another aspect of modularity is that each reaction of the system S; || S3 is the
union of a reaction of 57 and a reaction of S;. The consequence is that the semantics
of 51 (resp. Sz) viewed as a complete system is preserved when it runs in parallel with
Sy (resp. Sp). In this case we are sure that S; (resp. S3) reaches configurations that
are reachable also when it runs as a complete system.

The notion of projectability coincides with this aspect of modularity. Formally, a
semantics is projectable iff the following condition holds:

Syl Sy VB g st = (s, VBRI g A g, VB g (2)

(which means, obviously, that a modular semantics is projectable but not viceversa).
In the case of Statecharts, we must take care of the hierarchy when defining the
notion of projectability.

Definition 1 A semantics for Statecharts is projectable iff given a statechart z and a
step T from configuration C' to configuration C', then for each state s € C'NC", the set
of transitions T Nitrans(s) is a step of the statechart having s as root-state.

We give now our non global consistent semantics for Statecharts.
First of all we give our definition of microstep.

Definition 2 For a statechart z in a configuration C, a sequence of (already) fired sets
of transitions T = Ty,..., T, and a set of signals o O User action(t), a set T is a
microstep iff:

1. for each t € T, t is triggered by o;
2. for each t, ' € TUT,t and t' are consistent;

3. for each state s € C, it holds that if trans(s) N (T UT) # 0 then there does not
exist any transition t such that:

(a) t&T UT;
(b) t is triggered by the set of signals L. O (Userrirans(s) (trigger(t) Uaction(t)) U
Uternirans(s) trigger(t)) and t,t" are consistent for each t' € T UT;

(¢c) Ja € 11, | (@ € trigger(t) A I € T Ntrans(s) s. t. @ € trigger(t’) N " €
(T UT)strans(s) s. t. a € action(t"));

4. for each state s € C, it holds that if t' € T Nirans(s), t € T Ntrans(s), a € I1,N
trigger(t), @ € trigger(t’), then there exists t" € T Ntrans(s) with a € action(t").

Configuration C' = C <{pZ(out.(t))|t € T} U di(in.(t)) is reached from C by means
of T
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Figure 2:

Condition 3 ensures that given transitions ¢, € trans(s), both having @ € II, in their
trigger, ' € TUT,t ¢ TUT, t triggered by the set of signals (Uiernirans(s) (trigger(t)U
action(t)) U Usernirans(e) tr2gger(t)) N 1L, then there does not exist any transition ¢ ¢
trans(s) with t” € T U T and a € action(t”). The reason is that if the statechart
having s as root-state performs ¢’ and transition ¢ is triggered, then either a transition
in trans(s) communicates a signal that disallows ¢ or ¢ is performed. Condition 4
ensures that given transitions t,1 € trans(s) witht € T'and t' € T and a signal « € 11,
with a € trigger(t) and @ € trigger(t'), then signal a is produced by another transition
of s. The reason is that if s, when viewed as a complete statechart, performs ¢, then it
needs to produce a transition having a in its action in order to trigger ¢.

Definition 3 Given configurations Co,Cy,...,C,, a set of signals o, sets of transitions
1y,...,T, such that:

1. Tiyq is a microstep for z in configuration C;, sets of transitions Ty, ..., T;, set of
signals o U {actions(t)[t € Ty U...UT;}, 0 <i<n<&l;

2. Ciyq ts reached from C; by means of Ti11, 0 <1 <n&l;

3. there does not exist any microstep T # 0 for z in configuration C,, sets of
transitions Ty, ..., T, set of signals o U {actions(t)|t € Ty U...UT,},

T ="1y,...,T, is a step for z in configuration Cy, and C,, is the configuration reached
from Cy by means of T.

As an example, let us consider statechart z, in Fig. 2 in its initial configuration.
If the environment prompts the empty set of signals, the first microstep is {¢;}, the
next is {t4}. Now {{1}, {t4} is a step, computed as sequence of microsteps {t1}, {{4}.



Transition ¢, is triggered, but all positive signals appearing in the trigger and in the
action of t; and in the trigger of ¢,, trigger ¢35 which is not triggered due to the presence
of signal a produced by 4. So {t3} is not a microstep for condition 3 of Def. 3.

Proposition 1 The semantics of definitions 2 and 3 is projectable.

Proof. Let us suppose that 7 = Ti,...,T), is a step from configuration C' of statechart
z, where s € C'. Now let us consider the set of signals o = Userrrans(s) 1@ € (trigger(t)U
action(t))NIL, | At € T Ntrans(s).a € trigger(t')}. For such environment state s
viewed as a complete statechart can execute the sequence of microsteps trans(s) N
Ti,...,trans(s) N T,. Let us consider the set of transitions T’ = Tj N trans(s) and
the sequence of fired sets of transitions 7' = Ty N trans(s),...,Tx—1 N trans(s) for
some 1 < k < n. The set T" satisfies condition 1 in Def. 2. In fact, if there exists
a transition ' € T s. t. t' is not triggered by o U Useqr action(t), then T does not
satisfy condition 4 of Def. 2. The fact that T} satisfies conditions 2, 3, and 4 of
Def. 2 implies that 7" satisfies the same conditions. Now, assume that the sequence of
microsteps trans(s)NTy, ..., trans(s)NT, is not maximal. Then there exists a transition
t € trans(s), t ¢ T, which is triggered by o U {a |3t € T Ntrans(s).a € action(t)}. So
there must be @ € trigger(t) N 1L, such that a € action(t') for some t' € T &trans(s).
Now there can be two cases:

L. At" € T Ntrans(s) with @ € trigger(t”). In this case we put 0 = o U {a} and
reiterate the reasoning.

2. " € T Utrans(s) with @ € trigger(t). In this case condition 3 of Def. 2 is not
satisfied for some microstep in 7.

This completes the proof.

Following [12], we could easily give a compositional formalization of the semantics
of definitions 2 and 3 by means of Labeled Transition Systems.

Note that in general compositionality does not imply projectability, as it is shown by
the compositional semantics in [9], where a reaction of a compound system is obtained
by combining “incomplete” reactions of its subsystems.

In global consistent semantics all transitions in a step 7 must be triggered by signals
communicated by both the environment and transitions of 7. As already noticed in [6]
global consistency and modularity lead to semantical problems. Assume that we have

S <{a} Gh S7 and S {b} ey S%. No reaction is defined when the compound system
St 52 is prompted Wlth the empty set of signals. In this case it is said that Sy || Sz
has a non reactive behavior, in the sense that the system is not able to respond to the
environment.

Esterel and Argos reject programs that may have non reactive behaviors.
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The philosophy of Statecharts seems to be contrary to rejecting behaviors at the
syntactical level. The original semantics of [11] provides the lack of a reaction in cases
like the one of the example above. Two semantics have been proposed that enforce
reactivity, namely that assign a reactive behavior to every specification (see [9] and
[10]). According to the semantics of [9], the compound system 5 || Sz as above would
react to the empty input by communicating signal b and be rewritten into 57 || S3. The
approach in [10] is that Sy || S reacts to the empty input by performing the empty
reaction, 1. e. it communicates no signal and it is rewritten into itself.

So, for both the semantics, when one composes two statecharts, the compound step
does always exist. However, such semantics may provide that in some environment
one component of the system does not make any transition even though for each
environment such component considered as a whole system never performs the empty
step. For this reason one cannot expect to have projectability.

Proposition 2 No global consistent semantics can enforce reactivity, causality,
projectability and synchronous hypothesis.

Proof. Let us consider the two statecharts z; and z5 in Fig. 3. If we consider zy, for each
input set of signals either ¢; or t, is triggered and therefore performed. Analogously,
if we consider zo, for each input set of signals either ¢3 or ¢4 is triggered and therefore
performed. Now, let us consider the statechart z obtained by composing z; and z; in
parallel. Assume that z performs step 7 from its default configuration for the empty
input set of signals. Projectability implies that each step 7 must satisfy the following
condition: TN{ty,t2} # 0, TN{ts,t4} # 0. Global consistency implies that 7 # {1,153}
and 7 # {t1,t4}. Causality implies that 7 # {ts,t3} and 7 # {t3,14}. Therefore no
step 7T exists.
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Abstract

We show strict lower bounds for the complexity of several model checking problems
for BPA and branching-time logics. Model checking with Hennessy-Milner Logic
PSPACE-hard, while model checking with the modal p-calculus is EXPTIMFE-hard.
By combining these results with already established upper bounds it follows that the
model checking problems are PSPACE-complete and FXPTIMFE-complete, respec-
tively.

1 Introduction

Basic Process Algebra (BPA) processes were defined by Bergstra and Klop in [BK85].
They are transition systems associated with Greibach normal form (GNF) context-free
grammars in which only left-most derivations are permitted. BPA-processes are also called
context-free processes. They are a subclass of pushdown processes, where the finite control
of the pushdown automaton has only one state.

It has been known for some time that model checking pushdown processes with the modal
p-calculus is EXPTIME-complete [Wal96a, Wal96b]. Furthermore, the problem is even
EXPTIME-hard for a fixed formula in the alternation-free modal p-calculus. For the
much simpler logic EF, the model checking problem for pushdown processes is PSPACE-
complete [BEM97]. Again the hardness result even holds for a fixed EF-formula. For CTL
the complexity is only known to be between PSPACE and EXPTIME.

There is an important difference between BPA and pushdown processes in the complexity
of model checking. Burkart and Steffen [BS92] showed that for every fixed formula in the
alternation-free modal p-calculus the model checking problem is polynomial in the size



of the BPA-process. Later Walukiewicz [Wal96a, Wal96b] generalized this result to the
full modal p-calculus. The algorithms for BPA were only exponential in the size of the
formula. So far there have been no hardness results for model checking BPA, not even for
the full modal pg-calculus. On the other hand model checking finite-state systems with the
alternation-free modal p-calculus is linear [SC93, SW91], and model checking finite-state
systems with the full modal p-calculus is in NP N co-AP [EJS93, SWI1, Mad97] (and
so might be polynomial as well). It has thus been conjectured that at least some model
checking problems for BPA might be polynomial. Here we show that this is not the case.
Even for the simple Hennessy-Milner Logic, model checking BPA is PSPACFE-hard. For
the modal p-calculus model checking is FXPTIME-hard. In fact, this hardness result even
holds for the alternation-free modal p-calculus.

The rest of the paper is structured as follows. In Section 2 we define BPA and the logics
that are used here. In Section 3 we show the hardness result for Hennessy-Milner Logic,
and in Section 4 we show the hardness result for the alternation-free modal p-calculus. In
Section 5 we present the general picture of the complexity of model checking BPA.

2 Preliminaries

We describe BPA-processes by finite sets of rewrite rules of the form X < «, where X is a
single symbol, a € Aet is an atomic action and « is a sequence of symbols. The rewriting
formalism is prefix-rewriting, which means that the rules are only applied at the leftmost
position in the term.

The formulae of Hennessy-Milner Logic have the following syntax:
G i=true | 0 | APy | (a)®

The denotation [®] of a formula ® is a subset of the set of states Q that is defined
inductively as follows:

[true] = Q
[-®] = Q-[®]
[®1 A D] = [P1] N [D2]
[(a)®] = {s€Q | I €. s5 A s e[0]}

The modal p-calculus [Koz83] is a fixpoint logic. It is the extension of Hennessy-Milner
Logic by variables and fixpoint operators. The semantics of formulae is defined w.r.t. a
valuation V : Var — 2% that assigns every variable X in the logic a set of states which
satisfy it.

[X], = V()

The syntax and semantics of the minimal fixpoint operator is defined by

[pX. @], :=({SCQ | [@]yx—g S S}



where
V(X), if X #X'

VX = S|(X'):= { S NS ¢

In model checking we use only closed formulae. These are the formulae where every variable
is bound by a fixpoint operator. Also there is the restriction that every variable occurs
within the scope of an even number of negations. The property that s € [®] is also denoted

by s E .

3 Hardness of Hennessy-Milner Logic

In this section we show that model checking BPA with Hennessy-Milner Logic is PSPACE-
hard. We do this by reducing the problem of quantified boolean formulae (QBF) to the
model checking problem.

Let n € N and z4,...,x, be boolean variables. W.r. we assume that n is even. A literal
is either a variable or the negation of a variable. A clause is a disjunction of literals. The
quantified boolean formula () is given by

Q= JeVaodes .o e Ve, (Qr A o A Q)

where the @); are clauses. The problem is if () is valid. We reduce this problem to the
model checking problem.

The intuition is that first we nondeterministically choose values for the variables and then
check if these choices satisfy (). The existential or universal nature of these choices is
handled by the Hennessy-Milner Logic formula. Now we define a BPA with initial symbol
Zo.

Zo X 7.X,
Zo 3 7.X,
7. 2 7,.X,
7. 3 7,.X,
.. = 7 X,
Z .= 7. X,
7 ¢

3

Furthermore we add rules X; 2, X, if the literal ; is in the clause ); for any 1 < <n
and 1 < j < k.

In the same way we add rules X; &, X;, if the literal —a; is in the clause Q; for any
I1<i<nand 1<y <k



Now we construct the Hennessy-Milner Logic formula. We use the abbreviation (d)* for

(d)...{(d) (v times). The formula is

O = (c1)[ea)(es)[ea] - - (cnm1)]en](Za) (D1 A L0 A Dy)

where
b=\ ()it
0<i<n—1
It follows that @ is valid iff Z, = ®. Note that the size of ® is O(n*k). Thus ® is not a
fixed formula, but grows polynomially with the size of (). Also the BPA process has size
O(nk). Since QBF is PSPACE-complete we get the following lemma.

Lemma 3.1 Model checking BPA with Hennessy-Milner Logic is PSPACE-hard.

It was shown in [BEM97] that even for the more general logic EF and pushdown processes,
model checking can be done in polynomial space. Thus we get the following theorem.

Theorem 3.2 Model checking BPA with EF or Hennessy-Milner Logic
is PSPACE -complete.

4 Hardness of the Modal ;-Calculus

Walukiewicz [Wal96a, Wal96b] has shown that model checking pushdown processes with
the modal p-calculus is EXPTIME-complete. EXPTIME-hardness even holds for a fixed
formula in the alternation-free modal p-calculus. This hardness result does not carry over

to BPA. In fact, for every fixed modal p-calculus formula model checking is polynomial in
the size of the BPA-process.

Here we show that model checking BPA with general (non-fixed) formulae in the alternation-
free modal p-calculus is EXPTIME-hard. This is shown by a reduction from the acceptance
problem for linearly space bounded alternating Turing-machines.

An alternating Turing machine (ATM) is described by a tuple (Q, 3,6, go, ), where @
are the states of the finite control, ¥ the tape symbols, é the transition relation, ¢o the
initial state and [ is a function that labels states as existential, universal, accepting or
rejecting. The computation of an ATM is defined just like the computation of a normal
Turing machine, but the acceptance condition is more complex. Since the machine is
nondeterministic, the computation can be represented as a computation tree in which the
branches represent different possible computations. The states of the finite control of the
ATM are assigned labels by the function [ as existential, universal, accepting or rejecting.
Now the states in the computation tree are labeled as accepting or rejecting by the following
rules:

1. A leaf of the computation tree is labeled accepting (rejecting) if the finite control of
the ATM in this state is accepting (rejecting).



2. An internal node where the finite control is labeled universal (existential) is accepting
if and only if all (at least one) of its successor nodes are (is) accepting. Otherwise it
is rejecting.

3. A node is labeled undefined if the label cannot be determined by the other rules.
(This only happens if there are infinite branches.)

Without loss of generality let |6(¢,a)| = 2 for every universal state ¢ and symbol a. We
choose an arbitrary order on the two elements of 6(¢, @) and call them the first and second
successor configuration of (¢,a). An ATM M is called linearly bounded if there is a constant
k, such that for every word w in the language of M, M has an accepting computation that
uses at most k - |w]| space. Let n:=k - |w|. We only consider linearly bounded ATMs and
thus avoid the problem of infinite branches and undefined labels. The acceptance problem
for linearly bounded alternating Turing-machines is EXPTIMFE-complete [v1.90].

The idea is to guess a sequence of configurations of the ATM and to store this sequence in
a BPA-process term. A formula in the alternation-free modal p-calculus is used to check
if this sequence represents an accepting computation of the ATM.

Let M = (Q,%,9,qo,1) be the ATM, w the input word and n := k - |w| the length of the
tape. Let M’s head be over the first cell of the tape. We construct in polynomial time a

BPA A with initial state #gow# and an alternation-free modal p-calculus formula ¢ s.t.
M accepts w iff #qow# | ®, w.r.t. A. The rules A for the BPA are as follows:

4 bt Ti.a  for every a € ¥

T, bt Tit1.a foreveryae ¥, 1 <i<n—1
UPRLAAR T!.q foreveryqe@,1<i<n
T! N T/ .a foreveryac ¥, 1 <1<n—1
T %

# i €

a — ¢ for every a € ¥

g — ¢ for every ¢ € ()

q o for every a € X

q drop for every q € Q

#Me

The size of this set of rules is O(n?). Now in every state where the symbol # is at the top,
the state has the form #d;#ds# ... #d,,# where the d; are configurations of the ATM.
Every d; has the form wu.q.u’ where ¢ € () is the state, u’ is the contents of the tape under
the head and to the right of it and w is the contents of the tape to the left of the head. (u
can be empty, but u’ cannot.) Also we have that length(u) + length(u') = n.

Now we define some auxiliary formulae: Let ¢),.. € () be the set of accepting states,
Quniv € Q) be the set of universal states and ()., C ) be the set of existential states. The



formula accept means that the top symbol is # and the state in the uppermost configuration
dy is accepting.
accept := (#) \/ (drop)’ \/ (q)true
0<i<n—1 9E€Qace
The formulae univ and ex are defined in the same way with (), or ()., respectively.
These formulae have size O(n?).

The formula suce encodes the property that the state has the form #d#dy# . .. #d,, # for
some m > 2 and that the configuration d; is a successor configuration of dy. The actual
construction is cumbersome and depends on the ATM M. However, it is easy to see that
it can be done with the help of the following formulae: Let z € YU Q and ¢ € {0,...,n}.
W, ; means that the i-th symbol in d; is z.

\Ilglm = <#><dr0p>i<x>true

W2 ; means that the i-th symbol in dj is z.
\I/fm = <#><dr0p>”+2+i<:1;>true

(Note that both d; and dy have length n + 1, because the state ¢ counts, too.) In the same
way formulae suce; (suces) can be constructed that mean that the configuration d; is the
first successor (second successor) of dj if dy is a universal configuration. The formulae W, ;,
W2 ; have size O(n) and the formulae suce, suce; and suce, have size O(n?).

Now we are ready to construct the formula ®.

uX. accept
V
univ A (put)"t?(succ; A X)
A (put) t?(suces A X)
V
ex A (put)*(suce A X)

Note that ® is a very simple formula, since it uses only one fixpoint operator. Thus it is
a formula in the alternation-free modal y-calculus. The size of ® is O(n?). We have that

#Hqow# E O iff M accepts w.

Lemma 4.1 Model checking BPA with the alternation-free modal p-calculus s EXPTIME-
hard.

Containment in EXPTIME has been shown in [Wal96a, Wal96b]. Thus we get the following

theorem.

Theorem 4.2 Model checking BPA with the full modal p-calculus and the alternation-free
modal p-calculus s EXPTIME-complete.



5 Conclusion

The results on the complexity of model checking BPA can be summarized as follows:

BPA general fixed formula

Hennessy-Milner Logic || PSPACE-complete ep
EF PSPACE-complete ep
alt.-free modal p-calc. || EXPTIME-complete | € P

modal p-calc. EXPTIME-complete | € P

In comparison, model checking pushdown processes is harder in the case of fixed formulae.

Pushdown general fixed formula

Hennessy-Milner Logic || PSPACE-complete ep
EF PSPACE-complete PSPACE-complete
alt.-free modal p-calc. || EXPTIME-complete | EXPTIME-complete

modal p-calc. EXPTIME-complete | EXPTIME-complete

These results solve most complexity questions for branching-time logics, except for CTL.
The EXPTIME-hardness proof in Section 4 does not carry over to CTL. For both BPA and
pushdown processes, model checking with CTL is only known to be between PSPACE and
EXPTIME.

To complete the picture, model checking pushdown processes with LTL and the linear-time
p-calculus is EXPTIME-complete, but polynomial for every fixed formula [BEM97]. It has
been shown in [May98] that EXPTIMFE-hardness even holds for BPA and LTL.
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Abstract

We show how modal mu-calculus formulae characterizing finite-state processes up
to strong or weak bisimulation can be derived directly from the well-known greatest
fixpoint characterizations of the bisimulation relations. Our derivation simplifies ear-
lier proofs for the strong bisimulation case and, by virtue of derivation, immediately
generalizes to various other bisimulation-like relations, in particular weak bisimula-
tion.

1 Introduction

By a classic result of Hennessy and Milner [2, 7] two (image-finite) processes are strongly
bisimilar if and only if they satisfy exactly the same formulae of a simple modal logic,
now often called Henessy-Milner-Logic (HML). In particular, for any two non-bisimilar
processes P, () there is an HML formula ¢ satisfied by P but not by (). This result shows
that HML is sufficiently expressive for distinguishing processes up to strong bisimulation.
In another sense, however, the expressiveness of HML is too poor: there is in general no
single formula, i.e. no characteristic formula, satisfied by just the processes bisimilar to a
given process P. Bisimulation classes are thus only characterized by sets of formulae.
Graf and Sifakis [1] show that characteristic formulae can be constructed for finite, i.e.
non-cyclic, CCS processes in the modal mu-calculus, an extension of HML with fixpoint for-
mulae. This result has been extended to finite-state processes by Steffen and Ingolfsdottir
[9, 10]. While Graf and Sifakis considered strong bisimulation and observational congru-
ence, Steffen and Ingolfsdottir are concerned with the so-called strong divergence preorder
of CCS, a variant of strong bisimulation that takes information about divergence (i.e. in-
ternal non-termination) into account. It is not difficult to modify the latter in order to
obtain characteristic formulae for strong bisimulation. It is, however, less obvious how to
construct characteristic formulae for weak bisimulation-like relations. Actually, [9] pro-
poses to treat weak bisimulation by transforming the processes in such a way that weak
bisimilarity of the original processes corresponds to strong bisimulation of the transformed



ones. Then the characteristic formulae for strong bisimulation could be applied on the
transformed processes. This approach, however, due to the necessity of transformation
does not lead to actual characteristic formulae.

The contribution of this paper is a direct derivation of characteristic formulae from
the classic greatest fixpoint characterization of (strong and weak) bisimulation. On the
one hand, this provides a more elegant proof of the characterization property. On the
other hand it immediately indicates how to construct characteristic formulae for other
bisimulation-like process relations, like the various divergence relations discussed in [12],
in particular for the weak versions.

We proceed as follows. In the next section we define the modal mu-calculus and labeled
transition systems as basic model of processes and introduce equation systems. Section 3
defines the notion of strong bisimulation. In the following section we derive a character-
istic equation system of a finite-state process from the fixpoint characterization of strong
bisimulation. Section 5 generalizes this to weak bisimulation. In the section thereafter
we indicate how to construct actual characteristic formulae from characteristic equation
systems. The paper finishes with some concluding remarks.

2 Modal mu-Calculus, Processes, and Equation Sys-
tems

The modal mu-calculus [4] is a small, yet expressive process logic. It is defined over a given
finite set A of actions. We consider in this paper modal mu-calculus formulae in positive
normal form which are constructed according to the following grammar:

¢ = true|false | o1 Ao | p1V o | (a)p | [alp | X | uX .o | vX .o

Here, X ranges over an infinite set Var of variables and a over the assumed action set
A. The two fizpoint operators uX and rX bind the respective variable X and we will
apply the usual terminology of free and bound variables in a formula, closed formula etc.
Moreover, we write for a finite set M of formulae A M and \/ M for the conjunction and
disjunction of the formulae in M. As usual, we agree that A ) = true and \/ () = false.

Modal mu-calculus formulae are interpreted over processes, which are modeled by la-
beled transition systems with a designated start state. Formally, a process is a structure
P = (S,A,—p,so), where S is a set of states, A is the above (finite) set of actions,
—pC S x A xS is a transition relation, and s is the initial state. Throughout this paper
we assume that the constituting parts of a process named P are S, A, —p, and sy and the
ones of a process named ) are T', A, —¢ and ?y. A process P is called finite-state if the
underlying state set S is finite.

Suppose given a process P for the remainder of this section. The subset of states that
satisfy a formula ¢, denoted by Mp(¢)(p), is inductively defined in Fig. 1. As usual we

refer to environments, partial mappings p : Var par 9 , which interpret at least the free
variables of ¢ by subsets of S, in order to explain the meaning of open formulas. For a set



Mp(true)(p) = S
Mp(false)(p) = 0

Mp(p1 A p2)(p) = Mp(é1)(p) N Mp(h2)(p)

Mp(p1V ¢2)(p) = Mp(é1)(p) U Mp(d2)(p)
Mp((a)¢)(p) = {s|3 555 A s € Mp(6)(p)}
Mp([dlg)(p) = {s|Vs:s =5 = s € Mp(d)(p)}

Mp(X)(p) = p(X)
Mp(pX .¢)(p) = [z €S| Mp(¢)(p[X — z]) C a}
Mp(wX .¢)(p) = (HxC S| Mp(¢)(p[X — a]) 2 x}

Figure 1: Semantics of modal mu-calculus

x C S and a variable X € Var we write p[X +— z] for the environment that maps X to x
and that is defined on a variable Y # X iff p is defined on Y and maps Y then to p(Y).

Intuitively, true and false hold for all resp. no states and A and V are interpreted by
conjunction and disjunction. Asin HML, (a)¢ holds for a state s if there is an a-successor of
s which satisfies ¢, and [a]¢ holds for s if all its a-successors, satisfy ¢. The interpretation of
a variable X is as prescribed by the environment. The formula X . ¢, called a least fizpoint
formula, is interpreted by the smallest subset x of S that recurs when ¢ is interpreted with
the substitution of x for X. Similarly, v.X . ¢, called greatest fixrpoint formula, is interpreted
by the largest such set. Existence of such sets as well as their characterization used in Fig. 1
follows from the well-known Knaster-Tarski fixpoint theorem [11].

As the meaning of a closed formula ¢ does not depend on the environment, we sometimes
write Mp(¢) for Mp(¢)(p) where p is an arbitrary environment. The set of processes
satisfying a given closed formula ¢ is P(¢) ={Q |t € Mq(¢)}-

We shall also refer to (closed) equation systems of modal mu-calculus formulae,

E : X1 = ¢

Xn :¢n7

where X1, ..., X,, are mutually distinct variables and ¢, ..., ¢, are mu-calculus formulae
having at most X7, ..., X,, as free variables.
An environment p : {X;,...,X,} — 29 is a solution of an equation system E, if

p(X;) = Mp(4;)(p). That solutions always exist, is again a consequence of the Knaster-
Tarski fixpoint theorem. For, consider the set of environments that are candidates for
solutions, Envp = {p | p : {X1,..., X} — 25}. Envp together with the lifting C of the
inclusion order on 2°, defined by

pCp i p(X;) Cp(X;) fori=1,...,n



forms a complete lattice. Now, we can define the equation functional F5 : Envp — Envp by
FE(p)(X;) = Mp(¢;)(p) for i = 1,...,n, the fixpoints of which are just the solutions of E.
Certainly, F'¥ is monotonic as Mp(¢;) is monotonic such that the Knaster-Tarski fixpoint
theorem guarantees existence of solutions. In particular, there is the largest solution vF5
of E (w.r.t. C), in which we are particularly interested and which we denote by Mp(FE).
This definition interprets equation systems on the states of a given process P. We lift this
to processes by agreeing that a process satisfies an equation system F, if its initial state is
in the largest solution of the first equation. Thus the set of processes satisfying equation

system E is P(E) ={Q |ty € Mg(E)(X1)}.

3 Strong Bisimulation

As transition systems provide a too fine-grained model of processes, various equivalences
have been studied in the literature that identify processes on the basis of their behavior.
A classic example is strong bisimulation [8, 7] denoted by ~.

Suppose given two processes P and (). Bisimulation is first defined as a relation between
the state sets S and T" and then lifted to the processes themselves. A relation R C S x T
is called a (strong) bisimulation if for all (s,t) € R the following two conditions hold:

a) Va,s' : s Sps =3t gt A(s, ') € R, and
b) Va,t' it Hot' =35 s Sp s’ A(s,U) € R.

Now, ~ is defined to be the union of all bisimulations R. The processes P and () are called
bisimilar if so ~ tg. By abuse of notation we denote this relationship by P ~ () and view
~ also as a relation between processes.

The relation ~ C S x T can also be characterized as the greatest fixpoint vF_ of the
following monotonic functional £ on the complete lattice of relations R C .S x T" ordered
by set inclusion:

F.(R) % {(s,t)]s,t satisfy the two bisimulation conditions a) and b)} .

For, it is easy to see that a relation R is a bisimulation iff R C F_(R), i.e. if R is a post-
fizpoint of F.. And, by the Knaster-Tarski fixpoint theorem, vF_ is just the union of all
post-fixpoints of F., i.e. bisimulations, and, therefore, equals ~. This also establishes the
well-known fact, that ~ is again a bisimulation, viz. the largest one, as the largest fixpoint
of F. clearly is also its largest post-fixpoint.

4 Characteristic Equation Systems

Assume now, that a finite-state process P is given, that s,...,s, are its |S| = n states,
and that s; = s¢ is its initial state. The goal of this paper is to show how a formula char-
acterizing P up to strong bisimulation can be derived from the fixpoint characterization of



bisimulation. While the existence and construction of such formulae is well-known [9, 10],
their derivation rather than postulation provides a more elegant proof of the characteriza-
tion property and shows, moreover, how corresponding formulae for other bisimulation-like
equivalences and preorders may be constructed. We illustrate this point by treating also

weak bisimulation (see Section 5).
Our derivation of characteristic formulae proceeds via a characteristic equation system
E. X =05

S1

~
X, =

Sn

consisting of one equation for each of the states s;,...,s, € S. The construction of actual
characteristic formulae from the characteristic equation system is deferred to Section 6.
The goal is to define the formulae ¢} such that the largest solution My(E.) of E. on an
arbitrary process () associates the variables X, just with the states of () bisimilar to s, i.e.
such that Mg(E.)(Xs) ={t €T | s ~ t}.

The construction of E_ is based on the observation that Envg, the set of candidates
for solutions of E_, is order-isomorphic to 2°*7 the set of relations that are candidates to
be bisimulations between S and T'. Actually, the mapping « : Envy — 2°%T defined by

alp) = {(s,1) € SXT|tep(X)}

is an order isomorphism between Envg and 2°%7 the inverse of which is the mapping
B :29%T — Envg defined by B(R)(X,) = {t € T | (s,t) € R}.

The idea is now to define E_ such that F_., the bisimulation functional, and FC?N, the
functional belonging to E., are equal up to the isomorphism induced by (a, 3), i.e. such
that

FQEN:ﬁoFNoa. (1)

Then their largest fixpoints are also related by the isomorphism, which yields

Mq(E-)(X5)
= [Definition of My (E.)]
(VEG)(Xs)
= [Fixpoints of FgN and F are related by the isomorphism]|
BF.)(Xs)
= [Definition of ]
{teT|(st) € (VF.)}
= [~ equals VF_]
{teT|s~t},



as required. By the definition of FgN, (1) amounts to defining ¢, such that
t € Mo(¢d)(p) if te(foF.oa)(p)(Xs) .

The strategy for achieving this equivalence is to start a calculation with the right hand
side and to stepwise transform it into the direction of a formula:

L€ (B0 F.0a)()(X.)
iff  [Definition of f]
(s,1) € (Fxoa)(p)
iff ~ [Definition of F]
Va:Vs :s5ps = 't St A(s,') € alp) , and
Va :Vt' it Soth = 35 s Sp s A (S, 1) € alp)
iff  [Definition of o]
Va:Vs :s5ps = Tt St At € p(Xy) , and
Va:Vt it 5ot = 38 s 5p s At € p(Xy)
iff ~ [Definition of Mg (Xy)]
Va:Vs :sSps = Tt Sgt At € Mo(Xy)(p) , and
Va: V' :t 5ot = 38 s 5p s At € Mo(Xy)(p)
iff ~ [Definition (a), Definition V]
Va:Vs s 5ps = te Mg((a)Xy)(p) , and
Va:Vt' :t 5ot = t' e Mo(\/{Xy|sSps})(p)
iff ~ [Definition A, Definition [a]]
Va:t € Mo(A\{{(a)Xy | s 5ps'})(p) , and
Va :t € Mo([a] V{Xy | s =p s'})(p)
iff  [Definition A]
t € Mo(AAL@Xe |50 5} [a € A}(p) , and
t € Mo(A{la] \V{Xy | s=ps'}|ac A})(p)
iff ~ [Definition A
te Mo(AN{A\{{e)Xy | s Sps'}|ac A} A
Ml V{Xy |s=p st ae A}(p) .
Thus, (1) becomes valid if we define ¢ by

o7 MM@Xy|sSps}ae A} A
MlaV{Xy | s 5p s} ae A}

and this gives us the desired theorem.



P: b a
S\—/t\—/u
a c

Figure 2: An example process.

Theorem 1 (Char. eq. system on states) Mg(E.)(X;) ={te€T|s~t}.

This theorem holds for all processes () as E. does not depend on (). In particular, a
process () is bisimilar to P iff its initial state %, is contained in Mg (E.)(Xs,) (recall that
s1 is the initial state of P). Thus we have the following corollary.

Corollary 1 (Char. eq. system on processes) P(E.) ={Q | P ~ Q}.

For illustration, we consider the small process pictured in Fig. 2 with state set S =
{s,t,u} and action alphabet A = {a,b,c}. After removing conjuncts reading false, its
characteristic equation system reads as follows:

E. : X = (b)X; A [alfalse A [b] X; A [c]false
Xe = (a)Xs A {(a)Xu A al(Xs VvV X,) A [b]false A [c]false
Xu. = ()X A lalfalse A [b]false A [c] X;

5 Weak Bisimulation

Strong bisimulation requires that every step of a process is matched by a corresponding
step of a bisimilar process. Weak bisimulation [7] denoted by & relaxes this requirement
for internal computation steps represented by a distinguished action 7 € A, which can be
matched by zero of more internal steps. The definition of weak bisimulations relies on a
derived transition relation = that allows arbitrarily many 7-transitions before and after an
a-transition. In addition, the relation = is used that represents zero or more 7-transitions:

e def * def ¢ €,

Here, the operator ; denotes relational composition.
Now, a relation R C S x T between the state sets of two processes P and () is called a
weak bisimulation [7] if for all (s,t) € R the following two conditions hold:

a) Va,s' : s >p s’:>E|t’:t$Q t'A(s,t') € R, and
b) Va,t' : t ¢ =35 s3p N t)€R.

~ is defined to be the union of all weak bisimulations R and is the largest weak bisimulation.
As for strong bisimulation, P and @) are called bisimilar, P =~ () for short, if g = t;.



Again, we can define a monotonic functional F. : 257 — 29%T on relations from the
two conditions in the definition of weak bisimulations, the greatest fixpoint of which equals
~. Moreover, an equation system characterizing a process up to weak bisimulation,

S1

E. : X5, = ¢

X, = ¢F

n Sn ?

i.e. that satisfies Mg(E~)(Xs) = {t | s = t}, can be constructed along the lines of the
construction for strong bisimulation. The only difference is the occurrence of the derived

transition relations = in the corresponding places. In order to tackle them we rely on
‘weak’ analogies ((a)) of the modality (a), which can be introduced as abbreviations:

ef ef
(o = pX .oV (NX {ahs = (N(a)(eNo -
The following proposition shows that they indeed correspond to = and =.

Proposition 1 (Weak diamond)
o Mp({e)o)(p) = {s]3s':s=ps A s €Mp(d)(p)}.
o Mp({ah)d)(p) = {s|3s':s=p s’ A s'€Mp(¢)(p)}.

Using these weak modalities it is now straightforward to redo the calculation that lead
to an adequate definition of ¢ also for weak bisimulation, which results in the following
definition for ¢7:

o7 € MNMA@NXy [ s Sp st ae A} A
Na V{Xy | s 2p s} ac A} .

The derivation shows in particular where to use strong and weak modalities and which set
construction have to range over strong and weak successors.

Theorem 2 (Char. eq. system on states) My(E~)(X;) ={teT |s~t}.

Corollary 2 (Char. eq. system on processes) P(E.) ={Q | P~ Q}.

6 Towards Characteristic Formulae

Up to now processes were characterized up to strong or weak bisimulation by an ap-
propriately defined equation system. Actual characteristic formulae, i.e. single formulae
characterizing processes can be constructed by applying simple semantics-preserving trans-
formation rules on equation systems, which are provided in this section. Together these
rules allow to reduce an equation system stepwise by ever more equations. These rules are



F : X5 = ¢ G : X1 = ¢ion/X] H : X1 = &

Xn—l : ¢n—1 Xn—l : ¢n—1[¢n/Xn] Xn—l : ¢n—1

s
I
e
I

Figure 3: Results of the transformation rules

similar to the ones used by A. Mader in [6] as a means of solving Boolean equation systems
(with alternation) by means of Gauss elimination.

In Fig. 3 we show the equation systems resulting from applying each of our three
transformation rules on an equation system of the form

E3X1:¢1

For notational convenience, we describe the transformations only w.r.t. the last equation
in an equation system.

The first rule, transforming E to F, allows to remove the recursive dependency of
the right hand side formula in an equation from the left hand side variable of that same
equation. It is not difficult to show that, albeit F' might have fewer solutions than E their
greatest solutions coincide on every process ).

Proposition 2 My(E) = Mg(F).

The second rule, that transforms E to GG, allows to replace the variable on the left hand
side of an equation by the formula on the right hand side in the other equations. As usual,
o[/ X] denotes the substitution of ¢ for the free occurrences of X in ¢. Being an instance
of a substitution of ‘equals for equals’, ¥ and G have the same solutions, as expected.

Proposition 3 E and G have the same solutions, in particular, Mg(E) = Mg(G).

Our third and last rule, transforming F to H, allows to remove unnecessary equations
from an equation system. It relies on the side condition that the variable X, does not
appear free in ¢1,...,¢,. Note that by this side condition H is indeed a closed equation
system. Removal of unnecessary equations does not affect the interpretation of the other
variables in solutions.

Proposition 4 Suppose X,, does not appear free in ¢1,. .., d,.
An environment p is a solution of H if and only if p[X,, — Mq(¢n)(p)] is a solution of
E. In particular, Mo(E) = Mqo(H)[X,, — Mq(¢pn)(Mo(H))].



Now, applying to an equation system FE the first rule followed by the second rule
results in an equation system that satisfies the side condition of the third rule. Thus the
last equation can be removed; the result is the equation system:

E' : X1 = (/51[VXn¢n/Xn]

Xn-1 : anfl[VXnd)n/Xn]

This procedure can be iterated until an equation system with just one equation X; = ¢
is obtained. A final application of the first rule results in the equation system with just
the equation X; = vXj.v. The only solution of this equation system on a process @)
is the environment p defined by p(X;) = Mg(rX;.9) as vX; .1 is a closed formula. By
the correctness of the transformation rules, v .Xj .4 is thus a formula, the interpretation
of which coincides with the interpretation of Xj in the greatest solution of the original
equation system E. Therefore any set of processes that can be characterized by an equation
system can also be characterized by a single formula. Note, however, that the iterated
application of the second transformation rule can lead to an exponential blow-up of the
size of the formula.

Theorem 3 For any equation system E there is a formula ¢ such that P(E) = P(¢).

This procedure can, in particular, be applied to E. and E. which shows that there are
indeed characteristic formulae describing processes up to strong or weak bisimulation.

Theorem 4 (Characteristic formulae) For any process P there are modal mu-calculus

formulae ¥~ and Y~ such that P(¢™) ={Q | P ~ Q} and P(¥~) ={Q | P = Q}.

7 Conclusion

We have shown how equation systems and formulae that characterize finite-state processes
up to strong or weak bisimulation can be derived directly from the well-known greatest
fixpoint characterizations of these relations. The existence of such formulae for strong
bisimulation was well-known. By virtue of derivation, however, our simpler and more
elegant proof generalizes immediately to weak bisimulation and can, moreover, easily be
adapted to various other behavioral equivalences and preorders (like simulation and the
preorders studied in [12]).

Do characteristic formulae exist also for some class of infinite-state processes? The
answer is no. Any mu-calculus formula ) representing a certain process P e.g. up to
bisimulation has — by the finite model property of the modal mu-calculus [5] — also a finite
model ). Thus P must be bisimilar to (), i.e. be a finite process up to bisimulation.

What is the use of characteristic equation systems and formulae? On the theoreti-
cal side, their existence provides specific expressiveness results for the modal mu-calculus.
Combined with the fact that model checking the modal mu-calculus is decidable for cer-
tain classes of infinite-state processes, in particular push-down processes, this immediately



implies that strong and weak bisimulation (and various other relations for which character-
istic formulae can easily be constructed, e.g. simulation) are decidable between finite-state
processes and push-down processes. More far-reaching decidability results of this kind have
recently been studied by Jancar, Kucera, and Mayr [3].

On the practical side, characteristic formulae allow to employ model checkers as bisimu-
lation checkers. For this application the exponential blow-up experienced in the transition
from characteristic equation systems to characteristic formulae seems to be particularly
unfortunate. However, many model checkers are based on equation systems rather than
formulae, such that they can be applied directly on characteristic equation systems.

Acknowledgment. 1 thank Bernhard Steffen for a number of discussions on topics related
to this paper and three anonymous referees of MFCS for comments that helped to improve this

paper.
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Abstract

There are several approaches to reduce a state-space which represents the
behaviour of a system that can be classified into two main concepts: abstrac-
tion techniques and partial-order methods. Abstraction reduces the state-space
by reducing the diversity of actions. Partial-order methods ignore particular
interleavings of concurrent behavioural patterns. Both concepts have cer-
tain benefits and drawbacks. We thus present in this paper a first concept
to combine partial-order methods and abstraction enabling us to bypass an
exhaustive construction of a state-space when constructing an abstract repre-
sentation of it.

1 Introduction

In practice, the size of automata descriptions of the behaviour of realistic systems
limits the application of verification concepts to rather small specifications. To make
verification accessible to a much larger group of systems of practical interest, one has
to deal with what is known as state-space explosion. There are several approaches to
reduce a state-space which represents the behaviour of a system. The aim of state-
space reduction is to improve the efficiency of verification algorithms. Basically
two main concepts for the construction of a reduced state-space exist: abstraction
techniques and partial-order methods.

Abstraction reduces the state-space by ignoring particular actions of the system
or reducing the diversity of actions. Partial-order methods ignore particular inter-
leavings of concurrent behavioural patterns. Partial-order methods have the draw-
back that they are not applicable to some property classes (e.g. liveness properties),
abstraction methods require a construction of the complete concrete state-space of
a system’s behaviour before collapsing it which can be too complex in practice.



We present in this paper a first concept for the use of partial-order methods
to define a reduced concrete state-space of a given specification having the same
abstract state-space as the complete state-space. Partial-order methods can enable
us to bypass an exhaustive construction of the state-space of a specification when
constructing a representation of its abstract behaviour.

2 Preliminaries

The behaviour of a reactive concurrent system can be represented by a set of infinitely
long sequences of actions. Actions are atomic acts the system performs. We consider
the set ¥ of actions to be finite (from a sufficiently abstract point of view). Thus
a behaviour is an w-language on the set of actions. It represents all sequences of
actions that the system can perform in an infinite amount of time. We call each
infinite sequence of actions that the system can perform a computation of the system.

The sequences of actions that the system can perform in a finite amount of time
are the partial computations of the system. The partial behaviour of a system is
the set of finitely long sequences of actions that the system can perform, i.e. it is a
language on the set of actions. Since all prefixes of a partial computation of a system
are also partial computations of the system, we require that a partial behaviour is
a prefiz-closed language (subsequently let X be the finite set of atomic actions that
the system may perform):

Definition 2.1 Let L C X* be a language on . Let pre(L) designate the set of all
prefizes of words in L. L is prefiz-closed if and only if pre(L) = L.

The behaviour of a system is determined by its partial behaviour continued to
infinity. The idea of the infinite “continuation” of a partial behaviour can be defined
in terms of formal language theory by the notion of the Eilenberg-limit of a language:

Definition 2.2 Let L C X* be language. The FEilenberg-limit lim(L) of L is defined
as lim(L) = {x € ¥¥ | I3®°w € pre(x) : w € L}. Read “I*..” as “there exist
infinitely many different...”.

We consider in this paper only regular behaviours, i.e. behaviours that can be
represented by a finite automaton [10]. We thus define:

Definition 2.3 A behaviour of a system is the FEilenberg-limit of a prefiz-closed
reqular language.

Prefix-closed regular languages and their Eilenberg-limits can be represented by
(deterministic) finite automata with only accepting states. The minimal automata
representation of a behavoiur is called its state-space.

A behaviour satisfies a linear property if and only if all its computations satisfy it.
Intuitively, a property partitions the set 3 into the set Y C 3¢ of the computations



that satisfy the property and the set N C ¥“ of computations that do not. To define
a property formally, we simply identify the property with the set Y of computations
that satisfy it.

Definition 2.4 A property P over X is a subset of X¥; hence it is an w-language
over . We say that a behaviour lim(L), L C ¥* and L = pre(L), satisfies P
(written: “lim(L) = P”) if and only if lim(L) C P.

To introduce an implicit fairness assumption into the satisfaction relation, we
define relative liveness properties [9, 12, 14] of behaviours as an approzimate satis-
faction relation for properties [13]. To do so, we first have to introduce the notion
of a leftquotient [5, 8]:

Definition 2.5 Let w € ¥* and let L C ¥*. The leftquotients of L and lim(L) by
w are defined as cont(w, L) = {v € ¥* | wv € L} and cont(w,lim(L)) = {x € ¥¢ |
wx € lim(L)}

Definition 2.6 We call the property P C 3¢ a relative liveness property of lim(L)
(written: “lim(L)E P”) if and only if

Vw € pre(lim(L)) : 3z € cont(w,lim(L)) : wx € P.

Note 2.7 If lim(L) = X%, then the definitions of a relative liveness property is
equivalent to the definition of a liveness property in [3].

Usually, relative liveness and the related concept of machine-closure [1, 2, 4, 9] is
used to classify properties with respect to other properties. In contrast we consider
relative liveness as a satisfaction relation with an inherent fairness condition that
we call approzimate satisfaction [13]:

Definition 2.8 If P C X¥ is a relative liveness property of lim(L) we say that
lim(L) satisfies P approzimately.

The name approzimate satisfaction is motivated by observing that P is a relative
liveness property of lim(L) if and only if lim(L) NP is a dense set in the Cantor
topology on lim(L) [12, 13]. We can also give an alternative set-inclusion charac-
terization of an approximately satisfied property which establishes the decidability
of approximate satisfaction for w-regular behaviours and properties.

Lemma 2.9 lim(L) satisfies P approzimately if and only if

pre(lim) = pre(lim(L) NP).



From an intuitive point of view, approximate satisfaction and satisfaction of
properties under fairness [6, 11] are closely related. But approximate satisfaction
can differ from satisfaction under particular fairness concepts. One can show that a
finite-state implementation of a behaviour such that all strongly fair computations of
the implementation satisfy the property can always be found [12, 14]. Unfortunately
this finite-state implementation can be much larger (product of the state-spaces
of the behaviour and the property) than the minimal finite-state system accepting
lim(L) and thus is an inconvenient representation of lim(L). Therefore, approximate
satisfaction can be regarded as satisfaction under fairness that allows a very compact
representation of a system’s behaviour.

3 Abstraction

When turning to verification which is checking whether a behaviour satisfies given
properties (a requirement specification), the size of the state-space of the behaviour
limits the applicability of automatic verification techniques. On the other hand, a
system usually performs actions which need not be considered in the verification
process or which need not be distinguished from other actions respectively. Hence
we can try to reduce the state-space by ignoring unimportant actions or by giving a
common name to actions which need not be distinguished from one another. These
two concepts are known as action hiding and action renaming respectively. The so
defined type of simplification is called abstraction.

On the level of formal language theory, the concepts of action hiding and re-
naming are well-established in alphabetic language homomorphisms [10]. Alphabetic
language homomorphisms are language homomorphisms (mappings from the Kleene-
closure of an alphabet to the Kleene-closure of another alphabet which are compat-
ible with concatenation) which take letters to letters (action renaming) or to the
empty word (action hiding). They are originally defined on languages. We have to
extend them to w-languages, defining the notion of an abstraction homomorphisms:

Definition 3.1 Let X designate X*UXY. Let X and Y be two finite sets of actions.
We call h : X°° — X' an abstraction homomorphism if and only if the following
conditions hold:

e [f we constrain h to a mapping on letters in X, then we obtain a total function
h:¥ — ¥ U{e}. (action renaming and hiding)

e Ifv,w € ¥* and x € X%, then h(vw) = h(v)h(w) and h(vz) = h(v)h(z).

(compatibility with concatenation)

e If we constrain h to a mapping on w-words over X, then we obtain a partial
function h : X¥ — X" (no reduction of infinite sequences to finite ones).



Note that abstraction homomorphisms are partial mappings since they are not
defined on w-words which would be mapped to finitely long words. The set of
w-words x on X such that h(z) is defined is given by h~'(h(X¥)). Since we are
considering behaviours that are Eilenberg-limits of prefix-closed regular languages,
we have to define the abstraction of a concrete behaviour in terms of Eilenberg-limits:

Definition 3.2 Let h : ¥° — X' be an abstraction homomorphism and let L C ¥*
be a prefiz-closed language. We define the abstraction of the concrete behaviour
lim(L) with respect to h to be lim(h(L)).

This definition is reasonable since, for prefix-closed regular L, the two sets
lim(h(L)) and h(lim(L)) are equal [12, 13, 14]. When considering approximately
satisfied properties on an abstract behaviour, abstraction homomorphisms do not
establish a suitable abstraction concept since they do not preserve approximately
satisfied properties. Preservation of properties designates that a property which
holds for the abstraction holds for the concrete behaviour in a corresponding way.
To ensure preservation of approximately satisfied properties, an additional require-
ment must be satisfied by the abstraction homomorphism which is called simplicity
of the homomorphism on the behaviour [15, 16, 17]:

Definition 3.3 Let h : X° — X'* be an abstraction. Let L C ¥* be a partial
behaviour. h is called simple on L iof and only if for all w € ¥* we have

Vo € cont(h(w), h(L)) : cont(v, cont(h(w), h(L))) = cont(v, h(cont(w, L))).

Abstractions which are simple on a partial behaviour L establish exactly the
class of abstractions which preserve relative liveness properties [12, 13]:

Theorem 3.4 Let L C ¥* be a prefiz-closed and reqular language, let h : 3°° — ¥/
be an abstracting homomorphism such that h(L) does not contain mazimal words,*
and let P C X' be a property. Then the condition

lim(h(L))E= P if and only if lim(L)E= h™"(P)

RL

holds if and only if h is simple on L.

According to this theorem we can derive approximately satisfied properties of the
concrete behaviour by considering approximately satisfied properties of its (simple)
abstraction. In the subsequent sections we will show that this can be done even
without knowing the concrete behaviour completely.

lw € L is a maximal word in L if and only if cont(w, L) = {e}.



4 Partial-Orders of Actions

A different way to tackle the state-space explosion problem (the problem of tremen-
dously large state-spaces of industrial-sized specifications) is established by partial-
order methods. If there are several different partial computations of a behaviour
which are equal except for permutations of adjacent independent actions (indepen-
dent actions “do not influence one another”; see below) then the representation of
the behaviour will be reduced to one in which for each class of equivalent partial
computations only a reduced number of representatives is included. Partial-order
methods ignore interleavings of particular concurrent behavioural patterns and hence
reduce the state-space by ignoring interim states. The key notion in the definition
of partial-order methods is the independence of actions:

Definition 4.1 Let ¥ be a finite set of actions. A relation A C ¥ X X is called an
independence relation of a finite-state system A (i.e. a finite automaton with only
accepting states) if and only if for all a and o’ in X, (a,d’) € A if and only if for all
states q of A:

e if a is enabled in q, then if a' is taken, a will still be enabled in the successor
state of q after taking a'.

e if a and subsequently o' is taken in state q, the successor state will be the same
as if first a' and then a were taken.

We consider two partial computations to be equivalent if and only if we can trans-
form one into the other by permuting adjacent independent actions. The equivalence
classes of this equivalence relation are called traces.

Definition 4.2 Let w € X* be a partial computation and let A C ¥ X X be an
independence relation. The trace [w)a according to w and A is the set of all partial
computations w' such that w' can be constructed from w by permutations of adjacent
independent actions.

Definition 4.3 Let A be a finite-state system and let A C XXX be an independence
relation. A trace system A’ according to A and A is a finite-state system such that:

e For all w accepted by A, there exists w' accepted by A" such that w € [w']a.

e For all wa accepted by A', w € L(A") and a € X3, there is no b € X such that
(a,b) € A and wb € L(A").

o All w' accepted by A’ are also accepted by A.

Lemma 4.4 Let A be a finite-state system on ¥. Let A C ¥ XX be an independence
relation. Then, for all wa accepted by A such that w € L(A) and a € X, there ezists
no b € ¥ such that (a,b) € A and wb € L(A") if and only if, for all w € L(A), no
w' € [w]a such that w' # w is in L(A).



Proof “=7: Assume there exist v € L(A) and a,b € ¥ such that (a,b) € A and
va € L(A) and vb € L(A). We construct w and w' in L(A) such that w' € [w].
Because va and vb are both in L(A), actions a and b are both enabled after the
partial computation v occured. Because they are independent actions, b is still
enabled after taking a and a is still enabled after taking b. Thus both, vab and vba
are in L(A), and vba € [vab].

“<”: Assume that w' € [w]a N L(A). We show that this implies the existence
of va and vb in L(A) such that v € L(A) and (a,b) € A. Let v be the longest
common prefix of w and w’. Let a and b be the actions which follow v in w and w’

respectively. Because w' € [w]a, a and b be must be independent, and va and vb
are both in L(A). O

5 Compatibility of Partial-Orders and Abstrac-
tion

When considering abstraction in practice, concrete state-spaces are in general much
too large to be constructed exhaustively before collapsing them by an abstraction
step. Therefore approaches are needed to construct only a part of the concrete
state-space which is sufficient to compute the abstract state-space. Then, using the
results sketched in the preliminaries of this paper, properties of a system can be
checked without constructing its state-space exhaustively. If, in addition, simplicity
of the homomorphism can be checked on the reduced concrete state-space, such an
approach can also be established for properties under fairness assumptions (namely
approximately satisfied properties).

We establish in this section such a result partly by combining abstraction with the
concept of a trace system. A trace system is defined very rigorously in order to enable
us to check simplicity of a homomorphism on it. Unfortunately, constructing it from
a specification of a system appears to be problematic. However, without requiring to
be able to check simplicity of a homomorphism on the complete behaviour by looking
at the trace system, the notion of a trace system can be relaxed easily to one being
constructible from a specification using usual partial-order methods [7, 18].

Definition 5.1 Let h : X° — X' be an abstraction homomorphism. An indepen-
dence relation A C X X X is h-compatible if and only if (a,b) € A implies h(a) = ¢
or h(b) =€ or h(a) = h(b). A trace system is called h-compatible if and only if its
underlying independence relation is h-compatible.

Lemma 5.2 Let h : X° — ¥'* be an abstraction homomorphism. Let A C X x ¥
be a h-compatible independence relation. Let w' € ¥* and let w € [w'|an. Then

h(w) = h(w").



Proof Let (w'")i<i<n, n € IN, be a sequence of partial computations such that
w! = w, w" = v, and for all 1 < i < n — 1, w™t! can be derived from w' be
permuting exactly one pair of adjacent independent actions. Let (a,b) € A be such
a pair. Because A is h-compatible, we have h(a) = ¢ or h(b) = ¢ or h(a) = h(b).
Hence, h(ab) = h(ba) and consequently h(w’) = h(w'*!), for all 1 <7 < n—1. Thus
h(w) = h(w"). O

Lemma 5.3 Let h : X — X' be an abstraction homomorphism, let A be a finite
state system, and let A C X x X be a h-compatible independence relation. Let A’ be
a trace system according to A and A, let w' € L(A’), and let w € L(A) such that
w € [w']a. Then

1. h(L(A)) = h(L(4)),

2. h(cont(w, L(A))) = h(cont(w', L(A"))),

3. h(cont(w', L(A))) = h(cont(w', L(A"))).
Proof

1. Because by definition of a trace system, all w' € L(A’) are also in L(A), we
only have to show that h(L(A)) C h(L(A’)). Let v be in L(A). Then there
is v" in L(A’) such that v € [v']a. By Lemma 5.2 h(v) = h(v') which implies
h(L(A)) C h(L(A")).

2. Because by definition of a trace system, all w’ € L(A’) are also in L(A),
we only have to show that h(cont(w, L(A))) C h(cont(w', L(A"))). Let v be
in cont(w,L(A)). Then wv € L(A). Thus there is a ' € L(A") such that
wv € [u']. By definition of a trace system, w’ such that w € [w'] is a prefix of
u'. Hence u' = w'v’ such that v € [v']. Thus h(v) = h(v').

3. This is a special case of the previous (second) case (set w' = w).

O

Theorem 5.4 Let A be a finite-state system on alphabet X. Let h : ¥°° — ¥/ be
an abstraction homomorphism. Let A" be a h-compatible trace system to A. Then h
is simple on L(A) if and only if h is simple on L(A").

Proof “=": Assume that h is simple on L(A). Let w' be in L(A"). By defi-
nition, w’ is in L(A). Since h is simple on L(A), we know that there must exist
some v € cont(h(w'),h(L(A))) such that cont(v, cont(h(w'), h(L(A)))) is equal to
cont(v, h(cont(w', L(A)))). By definition of a h-compatible trace system, we have
h(L(A)) = h(L(A")) as well as h(cont(w',L(A))) = h(cont(w', L(A"))). Hence,



cont(v, cont(h(w'"), h(L(A")))) = cont(v, h(cont(w', L(A")))). Conseqently, h is sim-
ple on L(A").

“<”: Assume that h is simple on L(A"). Let w be in L(A). By definition,
w is in [w']a for some w' € L(A’). Since h is simple on L(A’), there must exist
some v' € cont(h(w'), h(L(A"))) such that cont(v', cont(h(w'), h(L(A")))) is equal to
cont(v', h(cont(w', L(A')))). By definition of a h-compatible trace system, we have
h(L(A)) = h(L(A")) and h(cont(w,L(A))) = h(cont(w', L(A"))). Consequently,
cont(v', cont(h(w), h(L(A)))) = cont(v', h(cont(w, L(A)))) and h is simple on L(A).

(]

We can combine this result with the preservation result for approximately satis-
fied properties (Theorem 3.4) and Lemma 5.3 and obtain finally:

Corollary 5.5 Let A be a finite-state system on alphabet ¥. Let h : ¥°° — X'
be an abstraction homomorphism. Let A" be a h-compatible trace system to A such
that h(L(A")) does not contain mazimal words. Let P C X% be a property. Then
the condition

lim(h(L(A"))E P if and only if lim(L(A))E h(P)
holds if and only if h is simple on L(A").

6 Conclusion

We have shown in this paper (Corollary 5.5) that we can use a reduced state-
space (a partial-order representation) of a specification to check properties even
under fairness without constructing the complete state-space of the specification
exhaustively. This verification includes an interim abstraction step for which it is
shown that the complete and reduced behaviour of the specification lead to the same
abstract behaviour. The key concept for this approach is abstraction-compatibility
of the independence relation on actions.

In addition checking simplicity of the abstraction, which is crucial for the preser-
vation of so called approximately satisfied properties, can also be checked on the
reduced behaviour on behalf of the complete one. However this result is limited
by observing that it is not certain whether a trace system as defined in this paper
is constructible from a given specification. The problem lies in the fact that each
trace is represented only by a single representative (according to Lemma 4.4) which
may be a too strict definition. Without requiring simplicity of the abstraction, the
results of this paper can be relaxed easily to a definitely constructive definition
of a trace system. Since approximate satisfaction, which is an abstract notion of
property satisfaction under fairness, is a satisfaction relation of practical necessity
for the verification of co-operating systems, it is a topic for further study whether
an algorithm for the construction of trace systems from specification can be found.



In case of a negative answer to this question, a relaxed definition of a trace sys-
tem based on a usual partial-order construction has to be found which still enables
checking simplicity of an abstraction on the (not constructed) complete behaviour
of a specification.

Consequently, this paper presents the border conditions and their implications

for the construction of a simple (i.e. approximately property preserving) abstraction
of a state-space from its reduced, partial-order-based representation.
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1 Introduction

We consider a value-passing version of context-free processes, where process behaviours
depend on a global state of data variables. Accordingly, the semantics and bisimulation
depend on valuations of data variables. In this work we search for a formula characterizing
those valuations of data variables for which two given processes are bisimilar. We extend
the results of [2, 4], where regular processes were dealt with. The techniques used in these
references cannot be directly applied to processes with context-free control. Here we exploit
a tableau based decision procedure for bisimilarity for context free processes [1]. This note
presents an ongoing work.

2 Processes

The class of processes we consider is obtained by extending normed context-free processes,
as defined in [1], with value passing primitives.

Let X,Y,Z ... be a finite set of process variables. A context free processes is defined
by a finite set of equations A of the form

X, = aiBi, I<i<m (1)
=1

where X; are process variables, a;; are actions described below and f;; are process variable
sequences of length at most two (that is, we take processes expressed in Greibach normal



form). For every equation A we assume some finite set of data variables ranged over by x.
The actions a;; can have two forms:

(b, c?z, s) or (b, cle, s) (2)

where b is a boolean expression, ¢ is a channel name drawn from a fixed set of channel
names, z is a data variable, e is an expression from a presupposed set of data expressions,
and s is a simultaneous assignment:

(1, .. xp) == (eq,...,ep)

Intuitively, an action (b, c¢?z, s) should be interpreted as an input of a value from channel
¢, under the condition that boolean b holds (before the new value of z has been received),
after which the data variables are updated by performing assignment s. The output action
(b, cle, s) differs in that the value of expression e is output to channel c.

Thus, so defined processes have a global state represented by a valuation of data vari-
ables. The actions can modify the state by performing inputs and assignments; the output
values depend on the current valuation of data variables. The set of equations A describes
the context-free control of the process execution.

Formally, the semantics of processes is defined by the following two-step procedure.
Given a set of equations A, we define first transitions of the form

a 2 3
where «, § are sequences of process variables and «a is an action as described by (2). Such
transitions can be defined in a standard manner: we follow [1] treating our actions just
as symbols, disregarding their structure. We call these transitions symbolic. Next, we

interpret the symbolic transitions with respect to valuations of data variables to derive
semantic transitions of the form

(0,0) " (p.B) or  (3,0) <= (p, )

where o, p are valuations of data variables, i.e. functions from data variables to a presup-
posed set of data values, ¢ is a channel name and v ranges over data values. The actions
labelling the semantic transitions, c?v or clv, represent, respectively, an input of value v
from channel ¢ and output of of value v on channel c.

The following two rules are used to derive semantic transitions. We use the notation
o[s] for a valuation obtained from o by performing assignment s and we denote by [eo]
the value of expression e under valuation o.

o b,cle,s ﬁ o ):b
(o,0) " (o[s), B)

(3)

o b,c?x,s 5 U):b
(0,0) =% (olz :=1][s], B)

, for any value v (4)



3 Characterizing Bisimilarity

We adopt the standard definition of (strong) bisimulation equivalence between labelled
transition systems (see e.g. [3]), denoting it by ~.

Let A and A’ be two sets of equations defining value-passing context-free processes.
Assume that process and data variables of A are disjoint from process and data variables of
A’. This can be always achieved by renaming variables. Let X and X’ be process variables
appearing, respectively, in A and A’. The problem we consider is to characterize those
valuations o of data variables for which (o, X) is bisimilar to (o, X'). More precisely, we
look for a formula Bx x of the first order logic built on top of assumed sets booleans and
data expressions such that

o Bxx iff (0,X)~ (0, X).

In [2, 4], formulas characterizing bisimilarity in the sense above have been studied for
regular processes. Such formulas were found as solutions to systems of equivalences in a
first order logic extended with explicit substitutions. A system of equivalences consists of
a finite set of equivalences of the form

P, & &(P,...,Py), i=1...m (5)

where P; are predicate variables and ®;(P,. .., P,,) are formulas of a first order logic ex-
tended with explicit substitutions. The techniques used in [2, 4] do not apply immediately
to processes with context-free control as infinite sets of equivalences could arise.

In this work we observe that the tableau decision method for normed context free
processes described in [1] can be successfully exploited to extend the results of [2, 4].

The tableau decision method builds a tableau composed of rules of the shape

Fa=FE'd
r ! ! !
Eioy = Fioy ... Epop = Epo)

where E (possibly decorated) is either empty or stands for a sum of the form }%_, a;8;.

Following the approach of [4] we associate a predicate variable B, o with every equation
a = o' (whose component E' is empty ) appearing in a tableau and encode the tableau as
a set of equivalences EQ(A, A’) whose predicate variables are B, . The crucial point is
that tableaux are guaranteed to be finite for normed context-free processes, therefore the
systems of equivalences we construct are also finite.

The following Proposition holds for the case of deterministic normed processes with
context-free control, i.e. such that for every 7 in the defining equation (1), in the set of
actions {a;; | 1 < j < n;}, channels used for inputs are mutually different and channels
used for outputs are mutually different.

Proposition 1 Let A, A’ be two sets of equations that define deterministic normed value-
passing processes with context-free control. One can effectively construct a set of equiv-
alences EQ(A, A") of first order formulas with explicit substitutions such that any set of



predicates { Boo } which is a solution to EQ(A, A") satisfies

0= By iff (0,0)~ (0,d)

We believe that Proposition above holds also for the nondeterministic case.
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We do not know whether weak bisimilarity (denoted =) is decidable for general BPA and BPP
but we may try to estimate what would be a least complexity of a decision procedure that might
exist. That is achieved by taking problems complete for some complexity classes and reducing
them to =. In this way we will show that the problem of deciding weak bisimilarity would be

NP-hard for BPP, and PSPACE-hard for BPA.

1 Background

There has been much effort devoted to the study of decidability of various bisimulation
equivalences for many process calculi. The majority of the results concern strong bisimila-
rity which was shown to be decidable for the two classes of Basic process algebras (BPA)
[2] and Basic parallel process algebras (BPPA) [1] that we will be considering in this paper.

However, we want to focus our attention on a more interesting notion of observation
that is weak bisimilarity. So far, the decidability of weak bisimilarity for the subclass of
totally normed BPP and BPA was established in [5], and a semidecision procedure for weak
bisimilarity of BPP was manifested in [3]. The question for general BPA and BPP remains
open, however we may at least try to establish some lower bounds on a decision procedure
that might exist.

Decidability of bisimulation equivalences so far seems to be consistent with polynomial-
time decision procedures. Polynomial algorithms deciding strong bisimilarity for normed
BPP and BPA were manifested in [6], [7], [8], and even though there is no polynomial de-
cision procedure for the class of all BPP and BPA, there is no lower bound that contradicts
its existence. It would be a weak negative result to show that weak bisimilarity cannot be
decidable in polynomial time. To our best knowledge even this weak result hasn’t been
proved yet, however in this paper we provide a strong evidence that the problem of decid-
ing weak bisimilarity cannot be solved in polynomial time. More specifically, we will show
that for weak bisimilarity and (totally normed) BPP and BPA the decision problem is at
least NP-hard and for general BPA, at least PSPACE-hard.



Before we proceed to demonstrate these claims we will recall the necessary notions from
process algebra and computational complexity.

We will start with the process algebras. We presuppose a fixed set of actions Act =
{a,b,c,...} that contains a special silent action 7, and a finite set of process variables or
atoms ¥ = {Xy,..., X,,}. Then we say that a basic process algebra or BPA is a pair (¥*, A)
where X* is the free monoid generated by ¥, and A = {X 5 P | X € £, P € ¥*,a € Act}
is a finite set of transitions. We call words from ¥* BPA-processes. The transition rules of
A determine a transition relation on general BPA-processes in this way:

XQ - PQ if there is a rule X — P in A

A basic parallel process algebra or BPPA is a pair (i,A), where ¥ = (X0 Xin |
i1,...,i, € N} is the commutative algebra generated by ¥, and A = {X 5 P | X €
Y, P e i],oz € Act} is a finite set of transitions. We call multisets from 3 basic parallel
processes or BPP. In the algebra Y there is a natural operation which we shall call parallel
composition and denote with |[:

Pl Q=X Xintin where P = X' ... X" and Q = Xi' ... X",
We can extend the rules of A to all BPP in the obvious way:

P X] Q-2 P| R| Q if there is a rule X -+ R in A

For both BPA and BPPA we use capital letters X, Y to range over process variables and
P, Q). R to range over processes.

A process variable X is said to be totally normed if there is no transition X — ¢ and
if there exists a derivation X == ¢ for some non-empty sequence of actions s. A process
algebra is totally normed if all its variables are totally normed.

Now we will introduce the concepts of strong and weak bisimilarity. We say that a
binary relation R over pairs of processes is a strong bisimulation relation if the following
condition holds for every pair (P, Q) from R and every action « from Act:

o for every P —=+ P’ there exists Q — Q' so that (P',Q') € R

o for every Q) — Q' there exists P —— P’ so that (P, Q") € R

Two processes P and () are strongly bisimilar if there exists a strong bisimulation relation
containing the pair (P, Q). The union of all bisimulation relations gives rise to the maximal
bisimulation which is denoted by ~.

A weak bisimulation relation is defined analogously as a strong bisimulation relation
with the single transitions — being replaced with ==, where == is an abbreviation of
(—)* =5 ()" in case of @ # 7 and (—)* in case of @ = 7. Then we say that processes
P and () are weakly bisimilar if there exists a weak bisimulation relation containing the
pair (P, Q). There also exists a maximal weak bisimulation relation which is obtained as

a union of all weak bisimulation relations and it is denoted by =.



Now we will recall some notions from computational complexity (consult [4], [9] and [11]
for more details). Informally, we say that a problem P is C-hard for some complexity
class C if to solve P is as difficult as to solve any problem from C. If on top of that we
know that the complexity of solving P is C, in other words P belongs to C, we say that
P is C-complete. Often when we try to estimate a lower bound on a complexity of some
problem P we transform another problem P’ to P where we know the complexity of P’
already. For this purpose we use the concept of reduction.

Assume two languages L; over some alphabet ¥; and L; over an alphabet Y,. A
reduction from Ly to Lq is a function f from X7 to X3 such that

forallwe ¥j, we Ll < f(w) € Ls.

When reducing one problem to another we need a function that can be efficiently computed.
As we will see later, it suffices for the reduction f to be polynomial time, that is we can
construct a polynomial-time bound Turing machine that computes the function f. We will
denote the fact that L; is polynomial-time reducible to L, by L < L.

We say that a language L is complete for a class C (with respect to polynomial-time
reduction) if L is in C and every language in C is reducible to L. A language L is hard
for C (wrt polynomial-time reduction) if every language in C is reducible to L, but L is
not necessarily in C. The complexity classes that we will be dealing with are the classes
NP and PSPACE. The following theorem [9] confirms that polynomial-time reduction is
suitable for our purposes.

Lemma 1 [f L' € P and L X L' then also L € P, where P is the class of problems that
can be solved in polynomial time.

2  Weak bisimilarity of BPP is NP-hard

There is a plethora of known problems that fall into the class of NP-complete problems. We
need to choose a problem that is in some way related to the principle of bisimilarity. Clearly,
any two processes that are bisimilar must be capable of performing sequences of actions of
identical lengths therefore we will reduce a ‘counting’ problem to weak bisimilarity.

One problem that suits our purpose is KNAPSACK which reads as follows: given a se-
quence of values my,ma,...,m, and a total ¢, we want to find out whether we can choose
a subsequence m;,,...,m;, that adds up to ¢{. That brings us to the idea of having two
processes, one simulating the total ¢ by being defined as a trace of the length of ¢, and
the other simulating the choices of subsequences of my,ms,...,m, and hence being equi-
valent to a tree whose branches correspond to traces of lengths specified by the individual
subsequences.

KNAPSACK is known to be NP-complete (cf. [4], [11]) and we will demonstrate a
polynomial-time reduction to weak bisimilarity of basic parallel processes. As we have
explained earlier that will establish that the problem of deciding ~ for BPP is at least
NP-hard. The formal definition of KNAPSACK is as follows:



Definition 2 KNAPSACK is the following problem:

Instance: t,my,mag,...,m, € N
Question: Jiy,ig, ... 0, € {0,1}. Y0 iym; =17

The fact that this simple problem is NP-complete is due to the fact that there may occur
arbitrarily large numbers on the input. If we consider the input encoded in unary then
we can find an algorithm that solves KNAPSACK in time polynomial in size of the input.
The possibility of arbitrarily large values of m; or ¢ will require a trick in the definition of
processes so that we remain within the limits of polynomial-time reduction. We will now
proceed to demonstrate a polynomial time many-one reduction. of KNAPSACK to weak

bisimilarity of BPP.
Lemma 3 KNAPSACK X ~2.

Proof: Let t,my,my,...,m, € N be an instance of KNAPSACK. We will demonstrate
two basic parallel processes P and ) such that there exist iy,is,...,7, € {0,1} with
E]‘ 1;m; =t if and only if P = (). Following the afore mentioned idea, the process P will
simulate branching defined by individual subsequences, and the process ) will simulate
the trace of length ¢. For the purpose of counting we will use a single visible action a that
will help us to test if there is a branch in the tree defined by P of length ¢, ie. equivalent
with Q.

For each m;, resp. t, we will introduce a process variable M;, resp. T', that will be
able to perform exactly a sequence of == transitions of length m;, resp. t. The process P
then will be capable of generating any subset of { My, ..., M,} whereas the process @ will
be able to evolve into T'. Finally we will demonstrate that P is weakly bisimilar to () if
and only if the answer to the respective instance is yes. Now we will present the transition
rules that define the process variables P and Q:

PP .. .| P, Q- P P, M;, j=1,....n
QT Pi—"se, j=1,....n

In order to complete the definitions of P and () we have to define process variables M; and
T'. Our only concern is that the resulting reduction is polynomial time hence we have to use
a little trick in the definition. We define a sequence of variables Sg, Sy, ..., Sk in this way:
So ¢, Siz1 = S; || S; for i < k, where k is taken to be |log(max{t,my,...,m,})].
Thus we have obtained variables such that S; ~ a?', where we use the expression ™ in the

obvious meaning. Now we can define 7' -/ Sl ST || S° where ey ... e1eg is the
binary encoding of t. The variables My, ..., M, are defined in a similar fashion: M; —
SN ST | SeY, where ey . . . eg; is the binary encoding of mj, for j = 1,...,n. To

summarise, we only need k + 1 extra variables in order to define the processes T and M;.

It is easily seen from the construction that P can only perform sequences of == tran-
sitions of length E]‘ i;m; for some iq,19,...,0, € {0,1}. Therefore if this sum never adds
up to ¢ the process () can become T and thus force non-bisimilarity with P. On the other



hand, if there exist 71,13, ...,2, € {0,1} such that E]‘ 1;m; =t the process P will generate

the composition Mj' || ... || M/» as an answer to the move @ — T and preserve weak
bisimilarity. If it is P that takes the initiative then the process () simply makes use of the
rule Q — P and then copies any move of P. O

It is quite easy to verify that the actual reduction can be carried out in polynomial time,
however we will not present the full details of the reduction here. We can finally conclude
with the following theorem:

Theorem 4 The decidability of weak bisimilarity of basic parallel processes is NP-hard.

We have to remark that the result we have just presented seems rather unimportant since
we do not know whether weak bisimilarity of BPP is decidable at all. We can however
adjust the reduction for the subclass of totally normed BPP. That means we have to get rid
of zero-normed processes that are present in the process algebra constructed above. The
problematic processes are P; since they have at their disposal the transition rules P; —— e.
However, we can change the instance of KNAPSACK slightly in order to dispose of such
processes. We can consider the instance > i;m; + > m; =t + > m; to which the answer
is ‘yes’ if and only if the answer to the original instance is ‘yes’. That means a shift in
the required values of ¢; from ¢; € {0,1} to i; € {1,2} which is expressed in terms of the
transitions as P, — M; | M;, P, —+ M;, and we also need to alter the definition of Q
to @ — T | My || ... || M,. This change doesn’t have any impact on the size of the
reduction as it can still be done in polynomial time. Hence we have removed all zero-norm
processes and we can assert that ~ is NP-hard even for totally normed processes.

Theorem 5 The decidability of weak bisimilarity of totally normed basic parallel processes
is NP-hard.

3 Weak bisimulation of BPA is PSPACE-hard

When we look carefully at the reduction of KNAPSACK onto weak bisimulation of BPP we
can see that it could be easily modified into a reduction to weak bisimulation of BPA. There
are these transition rules which contain parallel composition - the definitions of P and each
M; and T (and the auxiliary variables ;). However, in the whole process algebra there is
only a single visible action which is @ and, moreover, the process variables My, ..., M, and
T each determine a single string of == moves with no available branching. Therefore it
doesn’t make any difference to compose such processes in the sequential or parallel fashion.
The final improvement when we remove all zero-norm processes also works for BPA and
hence we come to the conclusion that deciding weak bisimilarity for totally normed BPA
is NP-hard.

Sequential composition, however, enables us to go even further. With the sequential
structure of BPA-processes we are able to encode finite automata and hence achieve a



stronger result. We will use the totality problem for finite automata TOT which is PSPACE-
complete and construct a polynomial time reduction onto weak bisimilarity of BPA. Thus
we will show that this problem is at least PSPACE-hard. First we will define the totality
problem for finite automata:

Definition 6 TOT is the following problem:

Instance: A nondeterministic finite automaton A over some alphabet Y.
Question: Is L(A), the language accepted by A, equal to the total language ¥*?

This problem is PSPACE-complete even a two-letter alphabet (cf. [4]) hence in the follo-
wing we will assume that ¥ = {a,b}. We will in fact demonstrate a linear time reduction
of TOT onto weak bisimilarity of BPA.

Theorem 7 ToT X ~.

Now we will explain the main idea behind the reduction. We presuppose a nondeterministic
finite automaton A = (X,Q,0,qo, {qr}), where ¥ = {a,b} is the input alphabet, Q =
{90,G1,---,qr} is the set of states with ¢g being the initial and ¢ the final states, and
§:Q x Y — 29 is the transition function. We will write (¢;, ) — ¢; to express the fact
that the state ¢; belongs to the set 6(¢;, ) with @ being either a or b. Also note that wlog
we can assume a single final state g.

We will simulate words over {a, b} by introducing two variables A and B such that A can

only perform the transition A — ¢ and B can only perform the transition B % ¢. Then
any process over A and B will determine a single word from the alphabet ¥. To simulate
the total language ¥* we will introduce a process P that will be capable of producing any
string of atoms A and B. Next we would like to define a process () that can generate all
strings from L(A). However since we are only allowed the leftmost derivation in case of
BPA-processes, we will define a process that generates exactly all the reverse words from
L(A). Still, we will be able to show that L(A) = ¥* if and only if P ~ Q.

For each state ¢o,q1,...,q of the automaton A we define a variable Qg, Q1,..., Q%
using the following rules:

if (¢i,a) — q; then Q; SN Q;A, and if (¢;,b) — ¢; then Q; SN Q;B.

For the variable (), that corresponds to the final state ¢, we add a special rule Q) — ¢,
where s is a special initial action. The purpose of s is to synchronise the two processes P
and ). Finally, we put () = Q)o. It is quite straightforward to observe that a word w is in
L(A) if and only if we can via a T sequence from the variable () generate the process QR

where R € {A, B}* and there is a unique transition sequence R — ¢ with @ being the
reverse of w.

To complete the reduction it remains to define the process P whose task is to be able to
generate all strings from {A, B}* and simulate the process ), and the variables A, resp.
B, that simulate the letters a, resp. b.
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For technical reasons we need a process that will block any sequence of variables that the
process P may have generated. The process T forms such a block since it is defined as a
7 loop and therefore it is clear that T'R = ¢ for any process K. The presence of T' in the
algebra means that the algebra fails to be totally normed which opens the question about
the complexity of weak bisimilarity for totally normed processes. The final step is to show
the correctness of the reduction.

Theorem 8 Assume a given automaton A and P and Q) defined as above. Then L(A) =
{a,b}* iff P~ Q.

Proof: One implication is straightforward. Assume that L(A) # {a,b}* and let w €
{a,b}* \ L(A). Since P is constructed to generate all strings of ¢ and b it can produce a
sequence of variables capable of performing the word sw. However, as ) simulates the
automaton A it cannot produce this string and thus P & Q.

In order to show the other direction we need to analyze the moves of P and (). The
idea is that P will wait for Q to make a move and then respond by doing P — Q7 which
blocks anything which P may have generated in the meantime. Clearly ) ~ QT R for any
process R because we can never get past 1. On the other hand, ) has to respond only
when P decides to generate a sequence of A’s and B’s and then disappear. Hence the
responses of () are:

l. P == PR, R € {A, B} - in this case Q does the empty sequence Q = Q

2. P == QTR,R c {A, B} - in this case Q ~ QTR and hence again the response is
Q= Q

3. P= R,R c{A, B}*-since ) can generate all strings over the alphabet {A, B} it
will be able to generate the process R via ==.

Although this analysis is quite informal we could easily construct a binary relation as a
union of three binary relations, each corresponding to one case of the above analysis, and
verify that it is a weak bisimulation relation. That only requires to test that it is closed
under expansion with —— which would again follow the structure of the proof. Therefore
we have P and () weakly bisimilar. Finally, we can conclude that the automaton generates
the total language if and only if the processes P and () are weakly bisimilar. O

It is not difficult to check that this construction can be done in time linear in the size of
the input automaton as for each possible transition of the input automaton we construct
a single rule of the process algebra and also the number of states only increases by a
constant. Therefore we can conclude that the problem of deciding weak bisimilarity for

BPA is PSPACE-hard.



4 Conclusion

We cannot draw any strong conclusions from the results presented in this paper. Although
weak bisimilarity seems a rather complex notion and hence we might hope to prove that if
indeed it was decidable for BPA and BPP, the complexity of a decision procedure would
be rather high, there seem to be obstacles that prevent us from doing so. The idea of
the KNAPSACK reduction to weak bisimilarity of BPP may be applied to more complex
problems; one of them might be the verification of Presburger sentences which is known to
require at least doubly exponential space.

To conclude this paper, we can draw the following comparisons: for strong bisimulation
and normed BPP and BPA there exist polynomial decision procedures. When we move to
totally normed BPP and BPA, for which weak bisimulation is decidable, the problem of
deciding weak bisimilarity is NP-hard (which is to be expected since we are dealing with a
more intricate notion). For general BPA-processes, if weak bisimilarity was decidable then

the decision problem would be PSPACE-hard.
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Abstract

In this paper, we supplement the set of basic and back-forth behavioural equiva-
lences for Petri nets considered in [11] by place bisimulation ones. The relationships
of all the equivalence notions are examined, and their preservation by refinements
is investigated to find out which of these relations may be used in top-down de-
sign. It is demonstrated that the place bisimulation equivalences may be used for
the compositional and history preserving reduction of Petri nets.

1 Introduction

The notion of equivalence is central to any theory of systems. Equivalences allow one
to compare and reduce systems taking into account particular aspects of their behaviour.
Petri nets became a popular formal model for design of concurrent and distributed systems.
In recent years, a wide range of behavioural equivalences was proposed in the concurrency
theory. The equivalencs can be classified depending of semantics of concurrency they
impose. In interleaving semantics, a concurrent happening of actions is interpreted as their
occurrence in any possible order. In step semantics, a concurrency of actions is a basic
notion, but their causal dependencies are not respected. In partial word semantics, causal
dependencies of actions are respected in part via partially ordered multisets (pomsets)
of actions, and a pomset may be modelled by a less sequential one (i.e. having less strict
partial order). In pomset semantics, causal dependencies of actions are fully respected, and
pomsets of actions should coincide to model each other. In process semantics, a structure
of a process (causal) net is respected.
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The following basic notions of behavioural equivalences were proposed:

o Trace equivalences (they respect only protocols of behaviour of systems): interleaving
(=) [8], step (=s) [8], partial word (=,.,) [12], pomset (=pom) [8] and process (=,,)
[10].

Usual bisimulation equivalences (they respect branching structure of behaviour of
systems): interleaving (;) [8], step (&) [8], partial word (s,,,) [12], pomset (
[8] and process (&,,) [3].

pom)

o ST-bisimulation equivalences (they respect the duration or maximality of events in
behaviour of systems): interleaving (&;57) [7], partial word (&,,,57) [12], pomset
(£2pomsr) [12] and process (£, 57) [10]

o History preserving bisimulation equivalences (they respect the “history” of behaviour
of systems): pomset (&) [12] and process (&,,,) [10].

e Conflict preserving equivalences (they completely respect conflicts of events in sys-
tems): multi event structure (=,,.5) [10] and occurrence (=,..) [7].

e [somorphism (=) (i.e. coincidence of systems up to renaming of their components).

Another important group of equivalences are back-forth bisimulation ones which are based
on the idea that a bisimulation relation should not only require systems to simulate each
other behaviour in the forward direction but also when going back in the history. By now,
the set of all possible back-forth equivalence notions was proposed in interleaving, step,
partial word and pomset semantics. Most of them coincide with basic or with other back-
forth relations. The following new notions were obtained: step back step forth (&)
6], step back partial word forth (&g,.,;) [9] and step back pomset forth (&gp0ms) [9]
bisimulation equivalences. In [11] we supplemented them by several new relations in process
semantics: step back process forth (s2,,() and pomset back process forth (&,,,.50.f)
bisimulation equivalences.

The third important group of equivalences are place bisimulation ones introduced in
[1]. They are relations between places (instead of markings or processes). The relation on
markings is obtained using the “lifting” of relation on places. The main application of place
bisimulation equivalences is an effective global behaviour preserving reduction technique
for Petri nets based on them. In [1], interleaving place bisimulation equivalence (~;) was
proposed. In this paper, strict interleaving place bisimulation equivalence (a;) was defined
also, by imposing the additional requirement stating that corresponding transitions of nets
must be related by the bisimulation. In [3, 4], step (~;), partial word (~,,), pomset
(~pom ), process (~,.) place bisimulation equivalences and their strict analogues (/z;s, 2,
s Rpom, ") were proposed. The coincidence of ~;, ~; and ~,, was established. It was
shown that all strict bisimulation equivalences coincide with ~,,.. Thus, only three different
equivalences remain: ~;, ~,., and ~,.. In addition, in these papers the polynomial
algorithm of a net reduction modulo ~; and ~,, was proposed.



To choose appropriate behavioural viewpoint on systems to be modelled, it is impor-
tant to have a complete set of equivalence notions in all semantics and understand their
interrelations. Treating equivalences for preservation by refinements allows one to decide
which of them may be used for top-down design. In this paper, we obtain a number of
results on solution these problems for place bisimulation equivalences.

The first result is a diagram of interrelations of place equivalences with basic and back-
forth behavioural notions from [10, 11]. We prove that ~,, implies &, and answer the
question from [1]: it is no sense to define history preserving place bisimulation equiva-
lence. Another consequence is: the algorithm of a net reduction from [3, 4], based on ~,,,
preserves “histories” of the behaviour of the initial net.

The second result is concerned a notion of transition refinement. In [5], SM-refinement
operator for Petri nets was proposed, which “replaces” their transitions by SM-nets, a sub-
class of state machine nets. We treat all the considered equivalence notions for preservation
by SM-refinements and establish that ~,, is the only place bisimulation equivalence which
is preserved by SM-refinements. Thus, this equivalence may be used for the compositional
reduction of nets.

2 Basic definitions

In this section, we present some basic definitions used further.

2.1 Nets

Let Act = {a,b,...} be a set of action names.

Definition 2.1 A labelled net is a quadruple N = (Pn,Tn, Fn,ln), where:
o Pv={p,q,...} is a sel of places;
o Iy ={t,u,...} is a sel of transitions;

o Fy:(PyxTn)U(Ty x Pv) — N is the flow relation with weights (N denotes a set
of natural numbers);

o [y : Ty — Act is a labelling of transitions with action names.

Given labelled nets N and N A mapping 3 : Py U Ty — Py U Tn/ is an isomorphism
between N and N’, denoted by 3 : N ~ N', if 3 is a bijective renaming of places and
transitions of N s.t. the nets N and N’ coincide up to it. Two labelled nets N and N’ are
isomorphic, denoted by N ~ N’ if 48 : N ~ N'.

Given a labelled net N and some transition ¢t € T, the precondition and postcondition
of ¢, denoted by *t and ¢* respectively, are the multisets defined in such a way: (*¢)(p) =
Fn(p,t) and (¢*)(p) = Fn(t,p). Analogous definitions are introduced for places: (*p)(t) =



Fy(t,p) and (p*)(t) = Fn(p,t). Let °N = {p € Px | *p = 0} is the set of input places of N
and N° = {p € Py | p* = (0} is the set of output places of N.

A labelled net N is acyelic, if there exist no transitions tg,...,t, € Ty s.t. {2, N, #
(1 <i<n)andty =1, A labelled net N is ordinary, if Vp € Py ®*p and p® are proper
sets (not multisets).

Let N = (Py,Tn, Fn,In) be an acyclic ordinary labelled net and =,y € Py U Ty. Let
us introduce the following notions.

o v <y y & aFYy, where Fy is a transitive closure of Fiy (the strict causal dependence
relation);

o Ine={ye PvUTy |y <N x} (the set of strict predecessors of x);

A set T'C Ty is left-closed in N, ifVteT (Int)NTy CT.
We denote the set of all finite multisets over a set X by M(X). A marking of a labelled
net N is a multiset M € M(Py).

Definition 2.2 A (marked) net is a tuple N = (Pn,Tn, Fn,ln, My), where
(Pn,Tn, Fn,ly) is a labelled net and My € M(Py) is the initial marking.

Let M € M(Py) be a marking of a net N. A transition ¢ € Ty is firable in M, if
*t C M. If t is firable in M, its firing yields a new marking M = M <°*t + t*, denoted by
M 5 M.

2.2 Partially ordered sets
Definition 2.3 A labelled partially ordered set (Iposet) is a triple p = (X, <,[), where:
o X ={x,y,...} is some sel;

o <C X x X is a strict partial order (irreflexive transitive relation) over X;

o [: X — Act is alabelling function.

Let p = (X, =<,l) and p' = (X', <", ') be Iposets.

A mapping 3 : X — X' is a homomorphism between p and p’, denoted by 5 : p C p/, if
it is a bijection and Va,y € X « <y = [(x) <" B(y), Yo € X l(z) = l'(#(x)). We write
pEp, if3B:pCp

A mapping 3 : X — X' is an isomorphism between p and p’, denoted by 3 : p ~ p', if
B:pCp and 871 p' C p. Two lposets p and p' are isomorphic, denoted by p ~ p', if
A3 :p o~ p.

Definition 2.4 Partially ordered multiset (pomset) is an isomorphism class of Iposets.



2.3 Processes

Definition 2.5 A causal net is an acyclic ordinary labelled net C = (Pe,Te, Fo,le), s.t.:
1.¥r e Pe |*r| <1 and |r*| <1, i.e. places are unbranched;

2. Ve € PeUTe | Lo x| < oo, i.e. a sel of causes is finite.

Let us note that on the basis of any causal net C' one can define Iposet pc = (T, <n
ﬂ(TC X Tc),lc>.

The fundamental property of causal nets is [3]: if C is a causal net, then there exists
a sequence of transition firings (a full execution of C') s.t. °C' = Lo = -+ & L, = C° s.t.
Li Q PC (0 S 7 S n), PC == U?:()Li and TC == {vl,...,vn}.

Definition 2.6 Given a net N and a causal net C. A mapping ¢ : Pc UTe — Py U Ty
is an embedding of C' into N, denoted by ¢ : C — N, if:

1. ¢(Po) € M(Pyn) and o(Te) € M(Tn), i.e. sorts are preserved;
2. Yo € Te *o(v) = ¢(*v) and p(v)* = (v*), i.e. flow relation is respected;
3. Vv e Te le(v) = In(p(v)), ie. labelling is preserved.

Since embeddings respect the flow relation, if °C' 2 ... X% C° is a full execution of C,
then M = p(°C) f:(>—>vl) g@) e(C°) = M is a sequence of transition firings in V.

Definition 2.7 A firable in marking M process of a net N is a pair m = (C, ), where C
is a causal net and ¢ : C' — N is an embedding s.t. M = o(°C'). A firable in My process
is a process of N.

We write II(N, M) for the set of all firable in marking M processes of a net N and (V)
for the set of all processes of a net N. The initial process of a net N is 1y = (Cn,¢n) €
I(N), s.t. Te, = 0. If 7 € TI(N, M), then firing of this process transforms a marking M

into M = ¢(C°), denoted by M = M. ~

Let m = (C,p), 7 = (C,9) € II(N), 7 = (C,¢) € HU(N,p(C®)). A process 7 is an
extension of ™ by process 7, denoted by 7 5 7, if Ty C T is a left-closed set in C and
Ts =T\ To. We write 7 — 7, if 37 7 Sk A process 7 is an extension of m by one

transition, denoted by m 5 7, if w % # and Ty = {v}.

3 Place bisimulation equivalences

In this section, place bisimulation equivalences are introduced. Let us recall the definition
of usual bisimulation equivalences.



Definition 3.1 Let N and N’ be some nets. A relation R C M(N) x M(N') is a »
bisimulation between N and N', = € {interleaving, step, partial word, pomset, process},
denoted by R : N, N', « € {i,s, pw, pom, pr}, if:

1. (My,Mny:) € R.
2. (M,M')eR, M5 M,

(a) [Tg] =1, if x =1,
() <5=0, ifx = s;

~t

= IM': M' 5 M, (M,M’)ERand

(@) 05 C g if = p;
(b) pg =~ pg, if * € {i,s,pom};
(c) C~C' ifx=pr.

3. As item 2, but the roles of N and N' are reversed.

Two nets N and N' are x-bisimulation equivalent, « € {interleaving, step, partial word,
pomset, process}, denoted by N N', if AR : N, N', * € {i, s, pw, pom, pr}.

Place bisimulations are relations between places instead of markings. A relation on
markings is obtained with use of the “lifting” of a bisimulation relation on places.

Let for nets N and N’ R C Py X Py/ be a relation between their places. The [ift-
ing of R is a relation R C M(Py) x M(Py:), defined as follows: (M,M') € R &
Hpep)s-- o (paypr)t € M(R) s M =Apy,...pa}, M =Api,... 0}

Definition 3.2 Let N and N' be some nets. A relation R C Py X Pyn/ is a *-place
bisimulation between N and N’, x €{interleaving, step, partial word, pomset, process},
denoted by R : N ~, N', if R: N3, N', « € {1, s, pw, pom, pr}.

Two nets N and N' are x-place bisimulation equivalent, x €{interleaving, step, partial
word, pomset, process}, denoted by N ~, N', if IR : N ~, N', x € {1, s, pw, pom, pr}.

Strict place bisimulation equivalences are defined using the additional requirement stat-
ing that corresponding transitions of nets must be (as well as makings) related by R. This
relation is defined on transitions as follows.

Let for some nets N and N’ t € Ty, t' € Tns.. Then (t,¢) € R & ((°t,*) €
RYA (1) e R) A (In(t) = Ini(t)).

Definition 3.3 Let N and N’ be some nets. A relation R C Py X Py is a strict x-place
bisimulation between N and N’, x €{interleaving, step, partial word, pomset, process},
denoted by R : N ~, N', x € {i, s, pw, pomn,pr}, if:



I. R: N N,

2. In the definition of *-bisimulation in item 2 (and in item 3 symmetrically) the new
requirement is added: Yv € Ty (p(v),¢'(B(v))) € R, where:

(a) B:pa Epg, if x = pw;
(b) B:pspa, if € {i,s, pom};
(c) B:C~C" ifx=pr.

Two nets N and N' are strict x-place bisimulation equivalent, + €{interleaving, step, par-
tial word, pomset, process}, denoted by N ~, N', if AR : N ~, N', x € {i, s, pw, pomn, pr}.

An important property of place bisimulations is additivity. Let for nets N and N’
R : N ~, N'. Then (M;, M) € R and (My, M}) € R implies (M, + M), (M| +M})) € R.
In particular, if we put n tokens into each of the places p € Py and p' € Py s.t. (p,p') € R,
then the nets obtained as a result of such a changing of the initial markings, must be also
place bisimulation equivalent.

The following proposition establishes a coincidence of most place bisimulation equiva-
lences.

Proposition 3.1 [3, /] For nets N and N':
LN~ N' & Ny N
2 Ney, N' & Nay N & Nry N

4 Interrelations of the equivalences

In this section, place bisimulation equivalences are compared with basic equivalences and
back-forth bisimulation equivalences. First, recall the definition of history preserving bisim-
ulation equivalences.

Definition 4.1 Let N and N’ be some nets. A relation R C II(N) x II[(N') x B, where
B = {ﬁ | ﬁ Te — TC’7 T = (0799) € H(N)v T = (0/799/) € H(N/)}; s a *-
history preserving bisimulation between N and N', x €{pomset, process}, denoted by
Nﬁ*thv * € {pom,pr}, Zf

1. (WN,WN/,@)ER.
2. (m,7',B)ER =

(CL) ﬁ P pc = per, Zf* € {pom,pr};
(b) C ~C', if x=pr.

3. (mya',B)ER, T =7 = EIB, 7l — 7, B|Tc =4, (7,7,8) € R.
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Figure 1: Interrelations of the equivalences and their preservation by SM-refinements

4. As item 3 but the roles of N and N' are reversed.

Two nets N and N’ are x-history preserving bisimulation equivalent, x €{pomset, process},

denoted by N N', if AR : N, N’ « € {pom, pr}.

Let us note that in this definition one can use extentions of processes by one transition
only. Now we are able to prove the proposition about interrelations of place and history
preserving equivalences.

Proposition 4.1 For nets N and N': N ~,. N' = N& N’

Proof. See Appendix A. O

Below, the symbol 7 will denote “nothing”, and the signs of equivalences subscribed
by it are considered as that of without any subscribtion. The following theorem collect all
the results obtained here and in [11], and clarify interrelations of all the equivalences.

Theorem 4.1 Let &>, 4»€ {=, &, ~, >}, % xx € {_, 1,8, pw, pom, pr,iST, pwST, pomST,
prST, pomh, prh, mes, occ, sbsf, sbpw f, sbpom f, sbpr f, pombpr f}.  For nets N and N’ :
N <, N' = N «» N iff in the graph in Figure 1 there exists a directed path from <>,
to 4%,y

Proof. (<) By Theorem 12 from [11] and the following substantiations.
e The implications ~,— <., x € {1, pom, pr} are valid by the definitions.

e The implication ~,,— & ., is valid by Proposition 3.2.



e The implication ~,,—+~; is valid by the definitions.

e The implication ~,,—~,,,, is valid since lposets of isomorphic nets are also isomor-
phic.

e The implication ~—~,, is obvious.

(=) By Theorem 12 from [11] and the following examples (dashed lines in Figure 2 connect
bisimilar places).

e In Figure 2(a), N ~; N', but N #,,, N’, since only in the net N’ action b can
depend on a.

e In Figure 2(b), N ~,om N, but N #,. N’ since only in the net N’ the transition
with label ¢ has two input (and two output) places.

e In Figure 2(c), N =... N/, but N ¢; N’ since any place bisimulation must relate
input places of the nets N and N’. But after putting one additional token into each
of these places only in N’ the action ¢ can happen.

e In Figure 2(b), N ~,.m N, but Nk s N', since only in the net N’ action a can
start so that no b can begin working until finishing of a.

e In Figure 2(d), N ~,. N', but N #,,.s N’', since only the net N’ has two conflict
actions a.

e In Figure 2(b), N ~,un N', but N&b 457N, since only in the net N’ action a can
happen so that b must depend on a. a

In this section, we obtained a number of important results. Before, place bisimulation
equivalences have been compared with usual bisimulation ones only. Here, we clarified their
interrelations with all the basic and back-forth ones. We proved that ~,,,, does not imply
neiter ST- nor back-forth bisimulation equivalences. The situation is quite different for
~pr. 1t appears to be strict enough to imply history preserving bisimulation equivalences.
This interesting result may be used in reduction of nets modulo ~,, [3, 4]. Now, we can
guarantee that the reduced net has the same histories of the behaviour as the initial one.

5 Preservation of the equivalences by refinements

In this section, we treat the considered equivalence notions for preservation by transition
refinements. We use SM-refinement, i.e. refinement by a special subclass of state-machine
nets introduced in [5].

Definition 5.1 An SM-net is a net D = (Pp,Tp, Fp,lp, Mp) s.t.:

1.Yt € Tp |*t| = |t*] = 1, i.e. each transition has exactly one input and one output
place;



Figure 2: Examples of place bisimulation equivalences

2. Apins Pour € Pp st pin # pour and °D = {pi}, D° = {powt}, i.e. it is an unique
input and an unique output place.

3. Mp = {pin}, i.e. at the beginning there is an unique token in p;,.

Definition 5.2 Let N = (Py,Tn, Fn,In, My) be some net, a € In(Ty) and
D = (Pp,Tp, Fp,lp, Mp) be SM-net. An SM-refinement, denoted by ref(N,a, D), is a
net N = (Px, Ty, Fr, lsp, Mz7), where:

[ ] Pﬁ = PN U {<p,u> |p S PD \ {pinvpout}v u € lﬁl(a)};

o Ty = (Tw\I§' (@) U{{t,u) [t € Tp, u €l (a)};
FN(@,@), z,y € Py U (TN \ Z&I(a))7
Fp(z,y), ©=(z,u), §=(y,u), u€ly'(a);

o I'g(7,5) =1 Fn(,u), §={(y,u), T € u, uely(a), yepl;
Fy(u,g), T ={(x,u), §€ u, uely(a), z € pous;
0, otherwise;

=
I~

€ Tn \ I§'(a);
= <t7u>7 telp, ue lﬁl(a);

o () :{ ZD(t)); Z



ref(N,a, D)

Figure 3: The equivalences between &; and ~,,,, are not preserved by SM-refinements

MN(p)v p € Pn;
o My(p) = { 0, otherwise.
An equivalence is preserved by refinements, if equivalent nets remain equivalent after
applying any refinement operator to them accordingly. The following proposition demon-
strates that some place equivalences are not preserved by SM-refinements.

Proposition 5.1 The equivalences ~; and ~,,, are not preserved by SM-refinements.

Proof. In Figure 3, N ~,,, N, but ref(N,a, D)<t ref(N',a, D), since only in the net

ref(N',a, D) after action a; action b cannot happen. Consequently, equivalences between

<, and ~,,,, are not preserved by SM-refinements. O
The following proposition proves that ~,,. is preserved by refinements.

Proposition 5.2 For nets N and N’ s.t. a € Iy(In) N In(Tnv) and SM-net D : N ~,,
N' = ref(N,a,D) ~,. ref(N',a, D).



Proof. See Appendix B. O
Now we can add the results obtained to that of from [11] and present the following
theorem.

Theorem 5.1 Let <€ {=, <, ~,~} and x € {_ i, s, pw, pom, pr,iST, pwST, pom ST,
prST, pomh, prh, mes, oce, sbsf, sbpw f, sbpom f, sbpr f, pombpr f}. For nets N and N’ s.i.
a € IN(Ty) N In/(Tnr) and SM-net D : N <, N = ref(N,a,D) <, ref(N',a, D) iff

the equivalence <>, is in oval in Figure 1.

Proof. By Theorem 18 from [11] and Propositions 5.1 and 5.2. O

In this section, an important result has been established. From all the place bisim-
ulation equivalences, only ~,,. is preserved by refinements. Thus, it can be used for the
compositional refinement of Petri nets.

For example, let us consider a net modelling a concurrent system and the reduced
(modulo some equivalence) version of this net. The initial and the reduced nets have
similar behaviour. Thus, we can use the reduced net instead of the initial one as a model
for the concurrent system. If we want to consider the system at lower abstraction level, we
use a refinement operation which “replaces” several transitions of the nets to the subnets
corresponding to some internal structure of the system’s components. If the equivalence
used for the reduction is not preserved by refinements, we cannot use the refined reduced
net as a model anymore, since its behaviour can be different with that of the refined initial
net.

Hence, the preservation of ~,. by refinements is a powerful property, especially if to
remember that this equivalence implies the history preserving one. Consequently, the
histories of behaviour of the initial net coincide with that of the reduced net, and this
property is valid at different abstraction levels.

6 Conclusion

In this paper, we examined a group of place bisimulation equivalences. We compared
them with basic and back-forth ones. All the considered equivalences were treated for
preservation by SM-refinements to establish which of them may be used for top-down
design of concurrent systems. We proved that ~,, implies < ,, and it is preserved by
refinements. Hence, it may be used for the compositional and history-preserving reduction
of concurrent systems modelled by Petri nets.

Further research may consist in the investigation of analogues of the considered equiv-
alences on Petri nets with 7-actions (r-equivalences). T-actions are used to abstract of
internal, invisible to external observer behaviour of systems to be modelled. Let us note
that a number of interleaving place 7-bisimulation equivalences was proposed in [4, 2].
For other semantics, the corresponding relations have not been defined, and it would be
interesting to propose them and exam their interrelations. In future, we plan to define 7-
analogues of all the equivalence relations considered in this paper and exam them following
the same pattern.
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A Proof of Proposition 4.1.

By Proposition 3.1, IR : N ~,, N’. Then R : N+, N’ and transitions of N and N’
are related by R. Let us define a relation S as follows: § = {(m,7n",3) | m = (C,¢) €
(N}, ' = (C, ) € TI(N"), § = idr,., ¥r € Pe (o), #() € R, Vo & To (o(0), #/(0) €
R}. Let us prove S : N, N'.

1. Obviously, (rn, 7N, D) € S.

2. By definition of S, (m,7",3) €S = [ :pc =~ per and C ~ C';

3. Let (m,7".3) €S, 7= (C,p), 7' =(C,¢)and 7 5 7, 7 = (C, ).

Let us consider a transition firing ¢(*v) 2 @(v*) in N. By definition of S,

(#(*v), ¢'(*v)) € R. Since p(*v) = $(*v), we have (5(*v), ¢'(*v)) € R.

Since R : N a2, N', we have Ju/, M ©'(*v) “ M, (p(v),u') € R and (@(U'),M’)
€ R.

Let v* = {ry,...,7m.}, M = Py, oL}, Vi (1l <@ <mn)(g(r:),p) € R. Let us
define a mapping @' as follows: @'|(p.ury) = @', ¢'(v) =/, Vi (1 <0< n) @'(ry) = pi.
Since by definition of ¢’ we have v’ = @'(v), M = S'(v*), ¢'(*v) = ¢'(*v), then
&' (*v) s @'(v*®) is a transition firing in N and (p(v), @ (v)) € (

R.

Consequently, 3(*0) %3(0) = $(0%) & 3(0)* and #(%0) &°3/(v) = F/(v*) &3 (0)"
Because of additivity of place bisimulations and since ¢ is an embedding, we have
(0, 2/(*0) 5°3/(0) € R and (B, &/(v*) 5¢/(0)7) € R. Consequently, () = *@/(v)
and ¢'(v*) = ¢'(v)*. Therefore @' is an embedding and 7' = (C, ") € TI(N'). We
have 7’ 5 #'. Let us define 3 = idTg. Then (7,7, 3) € S.

4. As item 3, but the roles of N and N’ are reversed. a

B Proof of Proposition 5.2.

4

Let N = ref(N,a,D), N = ref(N',a,D) and R : N ~,. N’. By Proposition 3.1,
R : N ~; N'. It is enough to prove N =~ N'. Let us define a relation S as follows:
S=RU{({p,u),{p,u)) | p € Pp\ {pin,Pout}, (u,u') € R}. Let us prove S : N =, N

1. (M7, M) € S, since (My, Mn) € R.

2. Let (M, M') € § and M % M. Two cases are possible:



Let us consider the case (b), since the case (a) is obvious. Let *t = {p}, t* = {¢}.
Then we have:

L4 _ .u7 t S pz.n7 o u.7 t S .pout;
() _{ {p,u), otherwise. () _{ {(q,u), otherwise.

Four cases are possible:

(a) le p;n N .pout;
(b) le p;n \ .pout;
(C) L€ *pout \an;
(d) l Q/ p;n U .pout-
{1, u)
U ) €
t.u

yu'))

Let us consider the case (d), since the cases (a)—(c) are simpler. We have
{p,u) € M. Since (M, M') € S, by definition of § we have: Ju’ € Ty : (u,
and ({p. ) (') € S, (puuy € M. Since *(t,u) = {p, '), then (*{1,u),*(
S, *(t,u)y e M".

Then IM': M’ <t’—>u/> M'. We have: [~ ~((t, u)

{q,u), by definition of & we have ({(q,u), (¢
((t,u)*, (t,u)*) € S.
Hence, ({¢,u), (t,u')) € S and (M, M’) € S.

m A

) = Ip(t) = l5({t,u)). Since (t,u)* =
u'y) € §. Since (t,u’)* = (q,u’), then

3. As item 2, but the roles of N and N are reversed. a
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Abstract

Event structures have come to play an important role in the formal study of
the behaviour of distributed systems. The advantage of event structures is that
they explicitly exhibit the interplay between concurrency and nondeterminism. This
paper is contributed to develop a number of new bisimulations which are natural and
nicely fit with the concept of event structures. We establish the closed relationships
between the bisimulations, resulting in a lattice of implications. Some new logics
with a C'T'L* flavour, being interpreted over event structures, are further proposed
to characterize the introduced bisimulations logically.

1 Introduction

Event structures have come to play an important role in the formal study of the behaviour
of distributed systems. An event structure is a partially ordered set of events together
with a symmetric conflict relation. The ordering relation models causality, whereas the
conflict relation expresses alternative choices between events. Two events that are neither
comparable nor in conflict, may occur concurrently. In this sense, event structures provide
explicit and separate representations of causality, choice and concurrency.

Over the past several years, various equivalence notions have been defined on the domain
of event structures. The best known behavioural equivalence is bisimulation. One of the

*This work is supported in part by the INTAS-RFBR (grant No 95-0378), the Volkswagen Foundation
(grant No I/70 564), and and the Russian State Committee of High Education for Basic Research in
Mathematics.



measures of success for a behavioural equivalence is its accompanying theory. And here
bisimulation is particularly rich in results. However the standard definition of bisimulation
can be applied only to systems whose operational behaviour is modelled by sequences of
atomic actions and hence concurrency of actions is reduced to an arbitrary nondeterministic
interleaving. Many attempts have been made to overcome the limits of this interleaving
approach and to allow observer to discriminate systems via bisimulation also accordingly
to the degree of concurrency they exploit in their computations. As a result, various
equivalences based on modelling causal relations explicitly by partial orders have appeared
in the literature. One such equivalence is history preserving bisimulation that was originally
proposed by [18] for Petri nets and then adapted by [7] to event structures. Its many
desirable properties have led to an in-depth study of history preserving bisimulation. For
example, [20] established its decidability over finite safe Petri nets. Several other semantical
characterizations exist (see [5], for example).

In parallel with the definition of behavioural equivalences, different attempts have been
made towards defining modal and temporal logics that permit specifying specific proper-
ties of concurrent systems. Since logics naturally give rise to equivalence classes consisting
of all those systems which satisfy the same formulas, often the logics known from the
literature have been compared with behavioural equivalences for a better understanding
and evaluation. In general, establishing a direct correspondence between logical and be-
havioural equivalences provides additional confidence in both approaches. A classical result
here is the adequacy theorem of Hennessy and Milner stating that the logic HML, which
when interpreted over labelled transition systems, is in full agreement with interleaving
bisimulation. Following this direction, many other behavioural equivalences have been
characterized through modal logics: see [3, 8, 10, 13, 19] among others.

There have been various motivations for this work. One has been given by the papers
[4, 10, 15], where different back and forth forms of bisimulation have been defined and
compared in the context of event structures. However, all these bisimulations capture
intuition concerning causality and concurrency (implicitly), but not conflict between events
in the structures. Attempting to get around this lack, we introduced a number of variants
of interleaving and history preserving bisimulations which take into consideration all the
relations between events, and therefore fit nicely with the concept of event structures. A
next origin of this study was the logic C'T'L* first proposed in [6] as a logic which included
all other previously proposed temporal logics. Among many other applications, C'T'L* like
logics have been used as a benchmark for semantic equivalences. It was first shown that a
variant of interleaving bisimulation coincides with the equivalence induced by CT'L* [3] and
then that C'T'L* without next operator is in full agreement with branching bisimulation
[13]. These two results assume an interleaving setting. The paper [8] was a first welcome
exception for giving CT'L* characterizations in an event structure setting. Further, [16]
provided a logical characterization of history preserving bisimulation in terms of a path
logic with a C'T'L* flavour that uses pomsets observations. Finally, another origin for
this work was the papers [9, 11], where different extensions of the C'T'L* logic with past
combinators have been defined, and the paper [12], where the logic L;, having modalities



expressing concurrency and nondeterminism, has been put forward in the framework of
event structures. While working further on enhancement of C'T'L* expressivity, we looked
for logics that could indeed express causality, concurrency and nondeterminism between
events in the structures and would be characteristic for the introduced bisimulations.

The remainder of the paper is organised as follows. The next section defines the basic
framework, labelled prime event structures, and related notions. In Section 3, we first
suggest a number of variants of interleaving and history preserving bisimulations, which
respect all the relations between event occurrences in the structures. Further, a lattice of
the interrelations between the considered equivalences is constructed. Section 4 defines a
number of extensions of C'T'L* which are proven to be characteristic for the bisimulations.
Finally, some concluding remarks are made in Section 5.

2 Event Structures

Event structures are well-known 7truly concurrent” models of distributed systems. They
have been introduced by Nielsen, Plotkin and Winskel. See [14, 21] for motivations and a
complete technical exposition.

The main idea behind event structures is to view distributed computations as action
occurrences, called events, together with a notion of causality dependency between events
(which reasonably characterized via a partial order). Moreover, in order to model non-
determinism, there is a notion of conflicting (mutually incompatible) events. A labelling
function records which action an event corresponds to.

Definition 2.1. A (labelled) event structure over an alphabet Act is a 4-tuple € =
(B, <,#, 1), where

e [/ is a countable set of events;

e < C F x F is an irreflexive partial order (the causality relation), satisfying the
principle of finite causes:

Ve Eo{de E|d< e} is finite;

o # C E x F is a symmetric and irreflexive relation (the conflict relation) satisfying
the principle of conflict heredity:
Ver,eg,e3 € B oey < ey & ey # €3 = ey # e3;

o [: I/ — Act is alabelling function.

Through the paper, we assume a fixed set Act of action names (labels). The components
of an event structure &£ are denoted by F., <., #. and [.. If clear from the context, the
index & is omitted. For an event structure £, we let: «d = {(e,e) | e € F}; < = < U id;
<? C < (transitivity); < = < \ <% — = (E x E)\ (€ U <! U #) (concurrency);
co=— Uid; edbpd &L c#d& Ve, d € Eo(d <eclod <d& d#d) = (¢ =c&d =d)

(minimal conflict).



In a graphic representation of an event structure, only minimal conflicts — not the
inherited ones — are pictured. The <-relation is represented by arcs, omitting those
derivable by transitivity. Following these conventions, a trivial example of an event struc-
ture is shown in Fig. 1, where F = {e1, eq,€3,e4}, < = {(e1,€3), (€1,€4), (€2, €3), (€2, €4)},

# = {(es,€4),(eq,€3)} and l(e1) = a, l(e2) = b, l(e3) = a, l(e4) = b.

€1:4a ey : b

e3ra - F oo g h

Fig. 1

We will sometimes give algebraic expressions (see [2]) for our examples, to make them
easier to understand. The algebraic syntax includes the primitive constructs: sequential
composition (;), parallel composition (||), and sum (+). The operation ; (||, +, respectively)
may be easily ‘interpreted’ by indicating that all events in one component are in the <-
relation (~—-relation, #-relation, respectively) with all events in the other.

Event structures £ and F are isomorphic (€ = F) iff there exists a bijection between
their sets of events preserving <, # and labelling. An event structure & is conflict-free ift

#s = 0.

[somorphism classes of conflict free event structures are called pomsets (labelled over
Act) [17]. Given a,b € Act, we write a — b for the isomorphism class of ({e1, €2}, {(e1,€2)},
0,{(e1,a),(e2,b)}) and a|b for the isomorphism class of ({e1, ez}, 0,0, {(e1,a), (e2,b)}). We

use pom(Act) to denote the set of pomsets over Act.

The states of an event structure are called configurations. An event can occur in a
configuration only if all the events in its past have occurred. Two events that are in
conflict can never both occur in the same stretch of behaviour. Before formalizing the
notion of a configuration it will be convenient to adopt the following notation. Let & be
an event structure and C' C E,. Then |C ={e€ E, | 3¢’ € C s e<e€'}. C issaid to be a
configuration of £ iff C' =] C (left-closed) and #. N (C x C') = () (conflict-free). Let C(£)

denote the set of all configurations of &.

Assume & to be an event structure and C' C C' € C(E). Then the restriction of € to
C"is defined as € [ C" = (€', <. N (C"x C"), #: N (C"x "), le |cr). We denote
by C’ not only the set itself, but also the labelled partial order it induces by restricting
< and [z to C’. It will (hopefully) be clear from the context what is meant. We use

pom(C)={E [ (C"\C) | C CC" € C(E)} to denote the set of pomsets of C.



Definition 2.2. Let C, " € C(£). Then
o« O, " &L oco
def

o 05, 0" &5 C . C"and €'\ C = p where p € pom(C);

Cte O &L J0" e C(€) o (C =, C" & C" =, C);

C Y. ' &l =(C 1. C") (incompatibility);
o C1LC" &L (C1.C") & ~(C = C" V " =, C) (independence).

As an illustration, we consider the relations on configurations of the event structure

shown in Fig 1.1 0 %% {er, e}, {er} 1 {e2}. {en e, e} ¥ {er,en e}, {ea} 1 {ea).
Lemma 2.1. Let C,C" € C(€) Then

(a) Ot O = CUC" €C(E);
(b) CYe C" <= e C Je' € "o e #;. €

() CH.C" = ~(CCC'VC'CO)&
& Ve e (C\C) Ve € (C'\C) oe — €.

An event structure & is said to be without autoconcurrency, if Ve, e’ € Eq o ((e coe €' &

l(e) =€) = e=¢€).

In the following, we will consider only event structures without autoconcurrency and
will denote them by the symbols £, F, .. ..

3 Behavioural Equivalences

In this section, we first introduce some new variants of interleaving and history preserving
bisimulations which explicitly express all the relations between events in the structures and
therefore nicely fit the model under consideration. These equivalences are then compared,
resulting in a lattice of implications.

Definition 3.1. Let B C (C(€) xC(F))U(C(F)xC(E)) be a symmetric relation, o € {i, h}
and 3 € {a,b,c}*. Then
(i) Bis an a-bisimulation iff (§,0) € B and for all (C, D) € B:
-E[C=2FD,ifa=h,
- if ¢ %, O then there is D' such that D =, D" and (C', D) € B.

(ii) B is an ab-bisimulation iff B is an a-bisimulation and for all (C, D) € B:
if " %, C then there is D’ such that D' =%, D and (C’, D') € B.



(iii) B is an aa-bisimulation iff B is an a-bisimulation and for all (C, D) € B:

if C' Y. C" then there is D' such that D ¥ D" and (C', D) € B;

(iv) B is an ac-bisimulation iff B is an a-bisimulation and for all (C, D) € B:

if C' 1. C" then there is D' such that D 1. D" and (C', D) € B.

& and F are af-bisimilar, denoted & ~,5 F, if there exists an af-bisimulation B that is
an a3’-bisimulation for all 3’ € 3. .

It is worth noting that instead of defining history preserving variants of bisimulation
we introduced mixed-ordering equivalences [5]. This is a possible way because [1] shows
that these equivalences coincide in the setting of (labelled) event structures.

We now turn our attention to showing how the bisimulation equivalences defined prior
to that are related.

Proposition 3.1. Let o € {i,h}, 8 € {a,c}* and 3’ € {a}*. Then
(a) & R2i3b F <& R2R3b f;
(b) bt R ap'b F<—£& Rhsle F.

(C) bt R2aph F<—£& R2ofbe F.

Theorem 3.1. Let 7,6 € Usefapeyr {08 | @ € {1,h}}. Then the following holds: & ~., F
implies & ~zs F iff there is a directed path from ~, to ~; in Fig. 2. :

~aabc

Fig. 2

Proof. ‘<=’ All the implications in Fig. 2 follow from Definition 3.1 and Proposition 3.1.
‘=" We now show that it is impossible to draw any arrow from one equivalence to the
other such that there is no directed path from the first equivalence to the second one in
the graph in Fig. 2. For this purpose, we give the following counterexamples.

The event structures & = a; (b # b) and F; = a;b are hb-bisimilar, but they are not
1a-bisimilar, because only in F; there are no incompatible configurations.

The structures & = ((a || (0 + ¢)) + (a || b)) + (b (¢ + ¢)) and Fp =
(@l b+ )+ (Blla+e))+ (allb+ )+ (b (a+ c)) are ha-bisimilar.

Whereas these structures are not ¢c-bisimilar, because only in & there exist configurations



consisting of either an event labelled by an a or an event labelled by a b which are not
independent from any configuration consisting of an event labelled by a .
Let us first consider the event structures £” and F”:

g// F//

TR

::#::jj,:
i

O —T—Q

The composed structures & = £” + F"” and F3 = & + &" are iac-bisimilar. Whereas
they are not h-bisimilar, because a configuration of &;, consisting of three events labelled
by a, b and ¢ can be related to only a configuration of Fj, also consisting of three events
labelled by @, b and ¢, but these configurations are not isomorphic.

4 Logical Characterizations of Equivalences

In this section, we extend the C'T'L*-family of logics by introducing some new variants:
C'TL; with past combinators, C'T'L’ with a conflict modality, C'T'L} with a concurrency
modality, and C'T'L?, that is a combination of the mentioned logics. These logics are
further proved to be characteristic for the bisimulations considered above.

We first introduce the syntax and semantics of the most complicated logic C'T'L*, . We

abc®

define the syntax of C'T'L,. by the following grammar, where we let A and u range over

abc

CTL;,. formulas and p range over pom(Act).

abc

Mpz= p| =A] Ave] U] XX 3X | wSY| XA I AN | CA

o @ & W 6 © O © 9 ({10 {1

Here S is the “Since” combinator, a past variant of U (“Until”). X! is the immediate past
modality, a past variant of X (immediate future). 37! is the “branching past” modality, a
past variant of 3 (“branching future”[11]). C and A capture concurrency and alternative
choice (conflict), respectively.

In the following, we will need some additional notions and notations. A path in & is
a sequence of configurations CyC ... such that C; &, Cizpy with e = 0,1,.... A runin
£ is its maximal path. We write 1I(E) for the set of all runs in €. For any 7 > 0 and
m € II(E), we let 7(7) e C;, m e CiCiyq...and 7 |¢d§f CoCy...C;_;. Note that Cy =0
for all m = CoCy ... € II(E).

As in the original C'T'L* logic [6], a CT L%, formula expresses properties of some moment

in a run of a given &£. Formally, the notion of a C'T'L}, -formula A being satisfied in a run
m € I(€) at moment n = 0,1,... (written m,n [Fcrrx, A) is defined by induction on the



length of A as follows:

(1) mnorey,, p & I’ € (&),n" - 7'(n') L 7(n).
(2)  mnlEorr, —A == monForw, A
3)  mnlory, AVp = mnl=ori:, Aormon EorL:, 1
(4)  mnEerey, AUp <= 3Jk>n o1 kEorrr, 11 &m0 fEerny, A
for all n <11 < k;
™, Eoriy,, XA = mn+l oy, A
™0 Ferry,, A — I ell(f) on' [i=m |, &' .n Ty, A
(1) mon |:CTLZbc ASp — 0<k<n omk |ZCTL:;bc w & mi |:CTLZbc A
for all £ <1 < mn;
) monEorr,. XA <= n>0&mn—1 Forrs, A
(9)  monlkern, 37N = I e l(E) o =" L forn, A
0) T, n |:C’TL:;bc Al — dr' e H(5)7n/ °
m'(n') Ye m(n) & 7,0’ Forrs, A
(11) m,n Fores, CA <~ dr' e (&),n -
m'(n') 1. m(n) & 7,0’ Eorrs, A

Informally, 7(n) is the present, prefix 7|, is a selected past and 7" is a selected future.
A formula p means “atomic property p holds at the present if there exists a past time along
some run 7’ such that from this time up to now p has been performed”. AUp means “u
will holds at some point in the future, and A holds in the meantime”, ASy means “u did
holds in the past, and A has been holding ever since the moment”. XX means “X holds
at the next moment”, X1\ means “) did hold at the previous moment”. 3\ means “the
present admits a possible future for which A holds”, 37!\ means “the present admits a
possible past for which A holds”. A\ means “X holds along some run 7’ and at some n’
such that 7/(n’) is incompatible with m(n)”. CX means “X holds along some run 7’ and at
some n’ such that 7'(n’) is independent of m(n)”.
It is worth noting that the combinator 37X allows the specification of several interleaving
pasts of any time instant, whereas the backward combinators usually considered in the
literature (see, for example, [9, 11]) restrict themselves to dealing with a single past of a

time instant.

We use the standard abbreviations T, 1, A, D and =, defined in terms of = and V.

Moreover, we define: FAX =l TUN, GA =l -F-); F71) = TS); G711\ =l —Fi-);

VAY o3 v Y 3o O Y o AN Y A

The syntax of CT Ly (CTL,, CT L., respectively) is a restriction of that of CTL?,,
given by (1) = (9) ((1) — (8) and (10), (1) — (8) and (11), respectively). In the following,
we will need relevant fragments of C'I'L}, denoted by o(C'T Ly, for 8 € {a,b, ¢, abc}, where

only actions from Act are allowed as atomic propositions.

From now on, we use ®(,CTL};) to denote the set of all ,CT Li-formulas, for 3 €
{a,b,c,abc} and v € {.,0} (the symbol .” denotes ‘nothing’).



We next define some additional satisfiability notions. Let A € ®(CT L%, ) and C € C(E).
Then A is called to be

o satisfiable in C', — denoted C |:70TL?3 A—iff m,n |:70TL?3 A for all m € II(E) and n
such that m(n) = C;

o valid in £, — denoted & |:70TL?3 A—iff ¢ |:70TL?3 A for all C € C(€).
The modal equivalence imposed by the logic ,C'T'L% is defined as follows:
€ ~oris F &5 (€ cris Mt F = orrs A for all A € ®(,CTLY).

We finally establish the main result of the paper. Before doing so, we need to introduce
the following notion. & is called to be autoconflict finite iff every set of pairwise conflicting
events, labelled by the same action, is finite.

Theorem 4.1. Let £ and F be autoconflict finite and 3 € {a, b, ¢, abc}. Then
(a) £ ] F — & ~oCTL, F.

(b) & Rona F — & ~CTLY F.

We now give some illustrations for the concepts introduced in this section. The non-
ta-bisimilar event structures & and F; (see above) are distinguished by the formula « —
b D A a — b which only holds of &. We next consider the event structures & and F;
(see above). Since & #,. Fa, there must be a formula distinguishing them. Indeed, take
A=aA-CcDCbACe). Then & B X and F, E A, Using the non h-bisimilar event
structures & and F5 (see above) and A =¢Da —- b — ¢ V b — a — ¢, we then have
E E X and Fs £ A

5 Concluding Remarks

We have introduced some new notions of bisimulation which respect all the relations —
causality, concurrency, and nondeterminism — between events of distributed systems. We
have given concrete characterizations of the bisimulations on event structures. The close
interrelations between these equivalences have been established, resulting in a lattice of
implications. We have also characterized the proposed bisimulations logically. To this end,
we have introduced some new C'T'L* like logics with modalities expressing concurrency and
conflict, in addition to past and future modalities. These logics provide not only a better
understanding of the behavioural equivalences but also natural formal languages to reason
about the behaviour of distributed systems. noninterleaving bisimulations.

We hope this article and [19] demonstrate that bisimulations and temporal logics based
on the semantics of concurrency and nondeterminism deserve further study. It also deserves
to be broadened: as a point in case, we have to mention the decidability of the equivalences
proposed and the satisfiability of the logics introduced.
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